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Chapter 1

SU(2) group

1.1 The group element and Maurer-Cartan forms

We take the SU(2)-group element in II type coordinates

U = A3(α)A2(β)A3(γ) = exp (τ3α) exp (τ2β) exp (τ3γ), (1.1.1)

where τi matrices are given in appendix A and Euler angles have the values in ranges:

0 ≤ α < 2π, 0 ≤ β ≤ π, 0 ≤ γ < 2π. (1.1.2)

The matrix U †

U † = e−τ3γe−τ2βe−τ3α. (1.1.3)

is the Hermitian conjugated matrix to U

U U † = I2. (1.1.4)

1-parameter groups Ai(t) are described by matrices

Ai(t) = exp(tτi) = I2 cos
t

2
+ 2τi sin

t

2
(1.1.5)

and have following explicit forms

exp(τ1t) =

(
cos t

2
−i sin t

2−i sin t
2

cos t
2

)
(1.1.6)

exp(τ2t) =

(
cos t

2
− sin t

2

sin t
2

cos t
2

)
(1.1.7)

exp(τ3t) =

(
e−

i
2
t 0

0 e
i
2
t

)
. (1.1.8)

According to this the group element may be written in the form

U =

(
cos β

2
e− i

2
(α+γ) − sin β

2
e− i

2
(α−γ)

sin β
2
e

i
2
(α−γ) cos β

2
e

i
2
(α+γ)

)
. (1.1.9)

Left-invariant
L
ω and right-invariant

R
ω Maurer-Cartan forms are

L
ω := U−1dU

R
ω := dUU−1. (1.1.10)
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Lie algebra valued Maurer-Cartan forms
L
ω and

R
ω may be decomposed using the basis {τi} of Lie

algebra su(2)
L
ω = τi

L
ω i(αν)

R
ω = τi

R
ω i(αν) (1.1.11)

where we introduce R valued Maurer-Cartan forms
L
ω i and

R
ω i

L
ω i(αν) :=

L
ω i

μ(αν)dαμ,
R
ω i(αν) :=

R
ω i

μ(αν)dαμ (1.1.12)

with notations1

α1 = α, α2 = β, α3 = γ. (1.1.13)

Let us deduce algebraical formulas for calculations of components
L
ω i

μ and
R
ω i

μ. For R-valued Maurer-
Cartan forms (1.1.12) we have

L
ω i = −2 Tr(τiU

−1dU),
R
ω i = −2 Tr(τidUU

−1). (1.1.14)

The differential of the U matrix can be expressed via differentials of the Euler parameters

dU = ∂μUdα
μ ∂μU :=

∂U

∂αμ
. (1.1.15)

We introduce the following quantities

L

Ωμ := U−1∂μU,
R

Ωμ := (∂μU)U−1 (1.1.16)

and derive formulas for components
L
ω i

μ and
R
ω i

μ

L
ω i

μ = −2 Tr(τi
L

Ωμ),
R
ω i

μ = −2 Tr(τi
R

Ωμ) (1.1.17)

According to that Ω-matrices may be decomposed with respect to the basis {τi}
L

Ωμ = τi
L
ω i

μ,
R

Ωμ = τi
R
ω i

μ. (1.1.18)

Maurer-Cartan forms in the natural basis {dαμ} have Ω-matrices as Lie algebra valued components

L
ω =

L

Ωμdα
μ,

R
ω =

R

Ωμdα
μ, (1.1.19)

Some properties of Ω-matrices are listed in appendix B.

Explicit expressions for R valued 1-forms (1.1.12) are

L
ω 1 = −dα cos γ sin β + dβ sin γ

R
ω 1 = −dβ sinα+ dγ cosα sin β

L
ω 2 = dα sin γ sin β + dβ cos γ

R
ω 2 = dβ cosα+ dγ sinα sin β

L
ω 3 = dα cos β + dγ

L
ω 3 = dα+ dγ cos β

(1.1.20)

1We will omit the dependence on Euler angles for brevity.
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1.2 Invariant vectors and the adjoint matrix

Vectors {ξi} are dual to 1-forms {ωi}

〈 L
ω i,

L

ξ j〉 = δi
j, 〈R

ω i,
R

ξ j〉 = δi
j, (1.2.1)

where
L

ξ i :=
L

ξ μ
i ∂μ,

R

ξ i :=
R

ξ μ
i ∂μ (1.2.2)

and bilinear form 〈∗, ∗〉 is defined by

〈dαμ, ∂ν〉 = ∂να
μ = δμ

ν . (1.2.3)

According to duality we must invert matrices of 1-forms to get components of vectors

L
ω i

μ

L

ξ μ
j = δi

j

R
ω i

μ

R

ξ μ
j = δi

j (1.2.4)

The found solutions satisfy the definition of invariant vector fields

Uτi =
L

ξ iU, τiU =
R

ξ iU. (1.2.5)

Components of vectors allows to decompose τi in bases of matrices Ω (compare with (1.1.18))

τi =
L

ξ μ
i

L

Ωμ, τi =
R

ξ μ
i

R

Ωμ. (1.2.6)

Explicit expressions for invariant vectors are

L

ξ 1 =
cos γ

sin β
(cos β∂3 − ∂1) + sin γ ∂2

R

ξ 1 =
cosα

sin β
(∂3 − cos β ∂1) − sinα ∂2

L

ξ 2 = − sin γ

sin β
(cos β ∂3 − ∂1) + cos γ ∂2

R

ξ 2 =
sinα

sin β
(∂3 − cos β ∂1) + cosα ∂2

L

ξ 3 = ∂3

R

ξ 3 = ∂1

(1.2.7)

From the definition of left/right invariant Maurer Cartan forms it follows that

L
ω = U−1 R

ω U (1.2.8)

Let us define the adjoint matrix (R-matrix) by

UτiU
† = Rijτj. (1.2.9)

R matrix belongs to SO(3) group and its elements are

Rij = −2 Tr(UτiU
†τj) (1.2.10)

From (1.1.10) and (1.2.5) it follows that

L
ω i = Rij

R
ω j,

L

ξ iRij =
R

ξ j. (1.2.11)

L
ω i

μ = Rij
R
ω j

μ,
L

ξ μ
i Rij =

R

ξ μ
j . (1.2.12)

Rij =
L
ω i

μ

R

ξ μ
j =

R
ω i

μ

L

ξ μ
j . (1.2.13)

Matrix Rij (i-rows, j-columns) looks like that

Rij =

⎛
⎝ cosα cos β cos γ − sinα sin γ cos β cos γ sinα+ cosα sin γ − cos γ sin β

− cos γ sinα− cosα cos β sin γ cosα cos γ − cos β sinα sin γ sin β sin γ
cosα sin β sinα sin β cos β

⎞
⎠ (1.2.14)
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1.3 Lie derivatives, Lie differential equations

If Lie derivative of a tensor with respect to a given vector is zero then this tensor is invariant with
respect to the transformation of the manifold generated by this vector. So Lie derivatives ensure us
that constructed forms and vectors are really left/right invariant. The Lie derivative of a tensor T ab...d

ef...g

with respect to a vector field X has components

(LXT )ab...d
ef...g =

(
∂T ab...d

ef...g

∂xi

)
X i−

− T ib...d
ef...g

∂Xa

∂xi
− . . .− T ab...i

ef...g

∂Xd

∂xi
+

+ T ab...d
if...g

∂X i

∂xe
+ . . .+ T ab...d

ef...i

∂X i

∂xg
. (1.3.1)

The Lie derivative of the vector field with respect to a given vector is the commutator of these vector
fields

LL
ξi

L

ξ j = [
L

ξ i,
L

ξ j] =

(
L

ξ μ
i ∂μ

L

ξ ν
j−

L

ξ μ
j ∂μ

L

ξ ν
i

)
∂ν (1.3.2)

and may be derived from commutator of τ -matrices (see appendix A) using relation (1.2.5)

[
L

ξ i,
L

ξ j] = εijk
L

ξ k, [
R

ξ i,
R

ξ j] = −εijk
R

ξ k. (1.3.3)

In result, components of vectors must satisfy to the differential Lie equations:

L

ξ μ
i (∂μ

L

ξ ν
j )−

L

ξ μ
j (∂μ

L

ξ ν
i ) − εijk

L

ξ ν
k = 0, (1.3.4)

R

ξ μ
i (∂μ

R

ξ ν
j )−

R

ξ μ
j (∂μ

R

ξ ν
i ) + εijk

R

ξ ν
k = 0. (1.3.5)

Generators left/right translations are right/left invariant vectors. This means that the corresponding
Lie derivatives (commutators) of left and right invariant vectors must be zero

R

ξ μ
i (∂μ

L

ξ ν
j )−

L

ξ μ
j (∂μ

R

ξ ν
i ) = 0. (1.3.6)

The left/right invariance of Maurer-Cartan forms demands

(LR
ξk

L
ω i)μ =

R

ξ ν
k∂ν

L
ω i

μ+
L
ω i

ν∂μ

R

ξ ν
k = 0, (1.3.7)

(LL
ξk

R
ω i)μ =

L

ξ ν
k∂ν

R
ω i

μ+
R
ω i

ν∂μ

L

ξ ν
k = 0. (1.3.8)

Let us take the Lie derivative of the duality relation (1.2.1)

LL
ξk
〈 L
ω i,

L

ξ j〉 = 〈(LL
ξk

L
ω i),

L

ξ j〉 + 〈 L
ω i, (LL

ξk

L

ξ j)〉 = 0 (1.3.9)

Using

LL
ξk

L
ω i = LL

ξk
(

L
ω i

μdx
μ) = (LL

ξk

L
ω i

μ)dxμ = (
L

ξ ν
k∂ν

L
ω i

μ+
L
ω i

ν∂μ

L

ξ ν
k)dx

μ (1.3.10)

and

LL
ξk

L

ξ j = εkjl

L

ξ l (1.3.11)

we get
L

ξ μ
i (

L

ξ ν
j∂ν

L
ω k

μ+
L
ω k

ν∂μ

L

ξ ν
j ) − εijk = 0 (1.3.12)

and analogously
R

ξ μ
i (

R

ξ ν
j∂ν

R
ω k

μ+
R
ω k

ν∂μ

R

ξ ν
j ) + εijk = 0 (1.3.13)
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1.4 Riemannian structures on group manifold

The interval
ds2 = gμνdα

μdαν (1.4.1)

on group manifold may be defined as

ds2 := −1

2
K
(

L
ω ,

L
ω
)

(1.4.2)

where K is Killing form (see appendix A). Using K(τi, τj) = −2δij we derive

ds2 = −1

2
K(τi, τj)

L
ω i L

ω j = δij
L
ω i L

ω j. (1.4.3)

ds2 = −2Tr
(
(U−1dU)(U−1dU)

)
= −2Tr

(
(dUU−1)(dUU−1)

)
(1.4.4)

ds2 = −2Tr

(
L

Ωμ

L

Ω ν

)
dαμdαν = −2Tr

(
R

Ωμ

R

Ω ν

)
dαμdαν (1.4.5)

gμν =
∑
i

L
ω i

μ

L
ω i

ν =
∑
i

R
ω i

μ

R
ω i

ν (1.4.6)

gμν =
∑
i

L

ξ μ
i

L

ξ ν
i =

∑
i

R

ξ μ
i

R

ξ ν
i (1.4.7)

L

ξ μ
i = gμν δij

L
ω j

ν ,
R

ξ μ
i = gμν δij

R
ω j

ν , (1.4.8)

L
ω i

μ = gμν δij
L

ξ ν
j ,

R
ω i

μ = gμν δij
R

ξ ν
j , (1.4.9)

Explicit form of the interval is

ds2 = dα2 + dβ2 + dγ2 + 2 cos β dαdγ (1.4.10)

Its inverse is

gμν∂μ∂ν =
1

sin2 β

(
∂2

1 + sin2 β ∂2
2 + ∂2

3 − 2 cos β ∂1∂3

)
(1.4.11)

Determinant of metric

det gμν = (det gμν)−1 = (det
L
ω i

μ)2 = (det
R
ω i

μ)2 = sin2 β (1.4.12)

The invariant volume is

V =

∫ 2π

0

∫ π

0

∫ 2π

0

√
det gμν dαdβdγ =

∫ 2π

0

∫ π

0

∫ 2π

0

sin β dαdβdγ = 8π2 (1.4.13)

Now we can directly calculate:

• Christoffel symbols

Γλ
μν =

1

2
gλρ(∂νgρμ + ∂μgρν − ∂ρgμν), (1.4.14)
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• Riemann tensor
Rα

βμν = ∂μΓα
νβ − ∂νΓ

α
μβ + Γα

μγΓ
γ
νβ − Γα

νγΓ
γ
μβ (1.4.15)

Rαβμν = gαλR
λ
βμν , (1.4.16)

• Ricci tensor
Rμν = Rα

μαν = Rμανβg
αβ, (1.4.17)

• curvature scalar

R = Rμνg
μν =

3

2
. (1.4.18)

We have verified that SU(2) manifold is Einstein space:

Rμν =
R
n
gμν (1.4.19)

where n = gμνgμν = 3 for SU(2) (this corresponds to n = N2 − 1 for SU(N)),

Rμν =
1

2
gμν =

1

2

⎛
⎝ 1 0 cosβ

0 1 0
cos β 0 1

⎞
⎠ . (1.4.20)

Calculation show that SU(2) manifold is a space of constant curvature

Rαβγδ = K

∣∣∣∣ gαγ gαδ

gβγ gβδ

∣∣∣∣ = K(gαγgβδ − gαδgβγ), (1.4.21)

where

K =
R

n(n− 1)
. (1.4.22)

A space of constant curvature is conformally flat space, so its Weyl tensor

Wαβμν = Rαβμν+
R

(n− 1)(n− 2)
(gαμgβν−gανgβμ)− 1

n− 2
(gαμRβν−gανRβμ−gβμRαν+gβνRαμ) (1.4.23)

vanishes identically.
The covariant derivative of a tensor T ab...d

ef...g is

∇hT
ab...d
ef...g =

∂T ab...d
ef...g

∂xh
+ Γa

hjT
jb...d
ef...g (1.4.24)

+Γb
hjT

aj...d
ef...g + . . .+ Γd

hjT
ab...j
ef...g − (1.4.25)

−Γj
heT

ab...d
jf...g − . . .− Γj

hgT
ab...d
ef...j . (1.4.26)

As the covariant derivative of the metric is zero

∇λgμν = 0, (1.4.27)

we get that SU(2) manifold is a symmetric space, i.e.

∇λRμνρσ = 0. (1.4.28)

Integral curves of the left/right invariant vector fields are simultaneously geodesic ones

L

ξ μ
i ∇μ

L

ξ i = 0,
R

ξ μ
i ∇μ

R

ξ i = 0 (1.4.29)
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where the index i is fixed.
The Killing equation

LXgμν ≡ Xλ∂λgμν + gλν∂μX
λ + gλμ∂νX

λ = 0 (1.4.30)

or
∇μXν + ∇νXμ = 0 (1.4.31)

expresses the invariance of the metric with respect to the coordinate transformation generated by X.
The constructed metric gμν is bi-invariant, so its Lie derivatives with respect to left/right invariant
vectors are zero

LL
ξi
gμν ≡

L

ξ λ
i ∂λgμν + gλν∂μ

L

ξ λ
i + gλμ∂ν

L

ξ λ
i = 0. (1.4.32)

In terms of covariant derivatives we have

LL
ξi
gμν ≡

L

ξ λ
i ∇λgμν + gλν∇μ

L

ξ λ
i + gλμ∇ν

L

ξ λ
i = 0, (1.4.33)

∇μ
L

ξ ν
i + ∇ν

L

ξ μ
i = 0. (1.4.34)

Using
L
ω i

μ = gμνδij
L

ξ ν
j , (1.4.35)

the Killing equation may be written for forms

∂μ
L
ω i

ν + ∂ν
L
ω i

μ − 2
L
ω i

λΓ
λ
μν = 0, (1.4.36)

or in terms of covariant derivatives (compare with (1.4.27))

∇μ
L
ω i

ν + ∇ν
L
ω i

μ = 0. (1.4.37)

So
L
ω satisfy ”transversality” condition

∇μ L
ω i

μ = 0. (1.4.38)

1.5 The space of external differential forms

For the Maurer-Cartan form

L
ω =

1

2

( −i(dγ + dα cos β) −eiγ(dβ − i dα sin β)
e−iγ(dβ + i dα sin β) i(dγ + dα cos β)

)
(1.5.1)

it is possible to construct exterior products of two and three forms. Let us discuss exterior product of
two forms

L
ω ∧ L

ω = τ[i τj]
L
ω i ∧ L

ω j =
L

Ω [μ

L

Ω ν] dα
μ ∧ dαν . (1.5.2)

The alternation with respect to permutations of indices is

T[i1...ik] =
1

k!

∑
σ∈Sk

sgn (σ)Tσ(i1,...,ik), (1.5.3)

where the sum is taken over all possible permutations of indices. In the space of external differential
forms we introduce the following basis

dxi1 ∧ . . . ∧ dxik =
∑
σ∈Sk

sgn (σ)dxσ(i1 ⊗ · · · ⊗ dxik). (1.5.4)
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In general, the space of external differential forms is a direct sum of spaces of external differential
forms ∧

=
n⊕

i=0

i∧
. (1.5.5)

The dimension of this space is

dim
∧

= 2n (1.5.6)

and dimension of space of i-forms is

dim
i∧

= Cn
i =

n!

i!(n− i)!
(1.5.7)

In particular, for SU(2) group we have dim
∧

= 23 = 8 and

dim
0∧

= dim
3∧

= 1

dim
1∧

= dim
2∧

= 3.

(1.5.8)

0-forms are functions on SU(2) manifolds, Maurer-Cartan forms (1.1.12) serve as the basis of 1-forms.
Using the expressions for commutators we write the product of two 1-forms (1.5.2)

L
ω ∧ L

ω = −
√
|g| εμνλ g

λρ
L

Ω ρ dα
μ ∧ dαν , μ < ν (1.5.9)

where
√|g| = −det(ω) = sin β, or in components

L
ω i

μ

L
ω ∧ L

ω = εijk τk
L
ω i

μ

L
ω j

ν dα
μ ∧ dαν , μ < ν, (1.5.10)

{ μ = 1
ν = 2

εijk τk
L
ω i

1

L
ω j

2 = cos β (− cos γ τ1 + sin γ τ2) − sin β τ3{ μ = 1
ν = 3

εijk τk
L
ω i

1

L
ω j

3 = sin β (sin γ τ1 + cos γ τ2){ μ = 2
ν = 3

εijk τk
L
ω i

2

L
ω j

3 = cos γ τ1 − sin γ τ2

(1.5.11)

2i
L
ω ∧ L

ω = −
(

sin β cos β eiγ

cos β e−iγ − sin β

)
dα1 ∧ dα2 (1.5.12)

+i

(
0 − sin β eiγ

sin β e−iγ 0

)
dα1 ∧ dα3 (1.5.13)

+

(
0 eiγ

e−iγ 0

)
dα2 ∧ dα3. (1.5.14)

L
ω ∧ L

ω =τ1(− cos β cos γ dα ∧ dβ + sin β sin γ dα ∧ dγ + cos γ dβ ∧ dγ)

+ τ2(cos β sin γ dα ∧ dβ + cos γ sin β dα ∧ dγ − sin γ dβ ∧ dγ)

+ τ3(− sin β dα ∧ dβ). (1.5.15)

The exterior product of three forms is

L
ω ∧ L

ω ∧ L
ω = τ[i τj τk]

L
ω i ∧ L

ω j ∧ L
ω k = −1

8
εijk I2

L
ω i ∧ L

ω j ∧ L
ω k (1.5.16)
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Using

εijk
L
ω i

μ

L
ω j

ν

L
ω k

λ = det(ω) εμνλ (1.5.17)

we write
L
ω ∧ L

ω ∧ L
ω =

3

4
I2 dV (1.5.18)

where the invariant volume element is introduced

dV :=
√
|g| dα ∧ dβ ∧ dγ. (1.5.19)

Let us define a duality operator denoted by ∗ (the Hodge star) which establishes an isomorphism of
spaces of external differential forms

∧k → ∧n−k by λ �→ ∗λ. An k-form λ

λ =
1

k!
λi1...ik dx

i1 ∧ . . . ∧ dxik (1.5.20)

has a dual (n− k)-form ∗λ

∗λ =

√|g|
(n− k)! · k! λ

i1...ik εi1...ikik+1...in dx
ik+1 ∧ · · · ∧ dxin , (1.5.21)

where εi1...in is totally antisymmetric unit tensor (see appendix A). Tensor indices are raised by metric

λi1...ik = gi1j1 · · · gikjk λj1...jk
. (1.5.22)

If we have some other k-form η

η =
1

k!
ηi1...ik dx

i1 ∧ . . . ∧ dxik , (1.5.23)

then

λ ∧ ∗η =
1

k!
λi1...ik η

i1...ik dV, dV =
√
|g| dx1 ∧ . . . ∧ dxn. (1.5.24)

The star operator has the following properties

∗ ∗ ωk = sgn (g) (−)k(n−k) ωk (1.5.25)

∗1 = dV, ∗dV = sgn(g) 1. (1.5.26)

The last equalities connect the one dimensional bases of 0-forms and n-forms on the n-dimensional
manifold. For SU(2) we have

∗ L
ω = − L

ω ∧ L
ω (1.5.27)

∗( L
ω ∧ L

ω ) = − L
ω (1.5.28)

∗( L
ω ∧ L

ω ∧ L
ω ) =

3

4
I2 (1.5.29)
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1.6 The exterior derivative and the Maurer-Cartan equation

Let us have a k-form ω on n-dimensional orientable Riemannian manifold

ω =
∑

i1<i2<···<ik

Fi1i2...ik dx
i1 ∧ · · · ∧ dxik =

1

k!
Fi1...ik dx

i1 ∧ · · · ∧ dxik , (1.6.1)

where Fi1...ik is an antisymmetric tensor of the rank k.
The exterior derivative of the ω

dω :=
∑

i1<i2<···<ik

∂ Fi1i2...ik

∂ xi0
dxi0 ∧ dxi1 ∧ · · · ∧ dxik , (1.6.2)

in other form with free indices

dω =
1

k!

∂ Fi1i2...ik

∂ xi0
dxi0 ∧ dxi1 ∧ · · · ∧ dxik . (1.6.3)

Antisymmetrization of ∂Fi1i2...ik/∂x
i0

dω =
1

(k + 1)!
ϕi0i1...ik dx

i0 ∧ dxi1 ∧ · · · ∧ dxik , (1.6.4)

where

ϕi0...ik =
k∑

r=0

(−)r ∂

∂ xir
Fi0...ir−1ir+1...ik . (1.6.5)

d (ω1 ∧ ω2) = dω1 ∧ ω2 + (−)degω1 ω1 ∧ dω2 (1.6.6)

The Maurer-Cartan equation

d
L
ω+

L
ω ∧ L

ω = 0, d
R
ω− R

ω ∧ R
ω = 0, (1.6.7)

may be written in orthonormal basis:

d
L
ω k +

1

2
εijk

L
ω i ∧ L

ω j = 0, d
R
ω k − 1

2
εijk

R
ω i ∧ R

ω j = 0, (1.6.8)

or in natural basis using ω-matrices:

∂μ
L
ω k

ν − ∂ν
L
ω k

μ + εmnk
L
ωm

μ

L
ω n

ν = 0, ∂μ
R
ω k

ν − ∂ν
R
ω k

μ − εmnk
R
ωm

μ

R
ω n

ν = 0, (1.6.9)

and using Ω-matrices:

∂μ

L

Ω ν − ∂ν

L

Ωμ −
√

|g| εμνλ g
λρ

L

Ω ρ = 0, (1.6.10)

∂μ

R

Ω ν − ∂ν

R

Ωμ +
√

|g| εμνλ g
λρ

R

Ω ρ = 0. (1.6.11)

We may substitute in them components of
L
ω or

L

Ω to check derived values of components. From other
hand, one can directly apply the exterior derivative d to ω (1.5.1) in matrix form and compare the

result with
L
ω ∧ L

ω (1.5.2). Repeating derivation leads to zero according to the properties d dω = 0.
For 2-form and 3-form we have

d(
L
ω ∧ L

ω ) = d(
R
ω ∧ R

ω ) = 0, (1.6.12)

d(
L
ω ∧ L

ω ∧ L
ω ) = d(

R
ω ∧ R

ω ∧ R
ω ) = 0. (1.6.13)
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1.7 De Rham operator, Laplacian and Casimir C2 operators

As for a form ω ∈ ∧k we have
∗ ∗ ω = sgn (g) (−)k(n−k) ω (1.7.1)

we may introduce the inverse of Hodge star operator

∗−1 := sgn(g)(−1)k(n−k)∗ =⇒ ∗−1 ∗ ω = ω. (1.7.2)

We define the adjoint of the exterior derivative

δω := (−1)k ∗−1 d ∗ ω (1.7.3)

where operator ∗−1 acts on the form (d ∗ ω) ∈ ∧n−k+1. After simplifications we derive

δω = sgn(g)(−)nk+n+1 ∗ d ∗ ω. (1.7.4)

δ reduces the degree of a differential form by one unit, whereas d increases the degree :

d :
k∧

−→
k+1∧

(1.7.5)

δ :
k∧

−→
k−1∧

(1.7.6)

For compact manifolds M operators d and δ are the metric transposes of each other

(dα, β) =

∫
M

dα ∧ ∗β =

∫
M

α ∧ ∗δβ = (α, δβ) (1.7.7)

where

α ∈
k−1∧

, β ∈
k∧
. (1.7.8)

For SU(2) we have

δ 1 = 0, δ (
L
ω ∧ L

ω ) = − L
ω , (1.7.9)

δ
L
ω = 0, δ (

L
ω ∧ L

ω ∧ L
ω ) = 0. (1.7.10)

The De Rham operator is
Δ = (d+ δ)2 = d δ + δ d (1.7.11)

For SU(2) we have

Δ
L
ω =

L
ω , (1.7.12)

Δ (
L
ω ∧ L

ω ) =
L
ω ∧ L

ω , (1.7.13)

Δ (
L
ω ∧ L

ω ∧ L
ω ) = 0. (1.7.14)

On the Riemannian space operators d, δ,Δ may be expressed via covariant derivative ∇ in the following
way

(dω)i0i1...ik = ∇[i0ωi1...ik] (1.7.15)

(δω)i1...ik−1
= −∇jαji1...ik−1

(1.7.16)

(Δω)i1...ik = −∇j∇jωi1...ik +
k∑

ν=1

(−1)ν(∇iν∇j −∇j∇iν )ωji1...̂iν ...ik
(1.7.17)
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where îν means that iν is omitted. The commutator of covariant derivatives may be expressed through
the curvature tensor using Ricci identities

(∇μ∇ν −∇ν∇μ)ωi1...ik = ωi1...ij−1λij+1...ik Rλ
ijνμ. (1.7.18)

Using de Rham operator in the form (1.7.17) we can re-derive formulas (1.7.12)-(1.7.14)

(Δω)μ = −∇j∇j ωμ +
1

2
ωμ = ωμ (1.7.19)(

Δ(ω ∧ ω)
)

μν
= −∇j∇j (ω ∧ ω)μν +

1

2
(ω ∧ ω)μν = (ω ∧ ω)μν (1.7.20)(

Δ(ω ∧ ω ∧ ω)
)

μνλ
= −∇j∇j (ω ∧ ω ∧ ω)μνλ = 0 (1.7.21)

(ω ∧ ω ∧ ω)μνλ = − sin βεμνλ (1.7.22)

For sufficiently well-behaved forms, ω is harmonic if and only if ω is closed and co-closed :

Δω = 0 ⇐⇒ ( dω = 0 & δω = 0). (1.7.23)

On SU(2) group manifold only 3-form is harmonic according to (1.7.14) or, equivalently, (1.7.21). All
differential operation may be expressed in terms of covariant derivatives on a Riemannian manifold.
Hence, the harmonicity of 3-form follows from the fact that its covariant derivative is zero

∇σ(ω ∧ ω ∧ ω)μνλ = 0. (1.7.24)

The Hodge theorem states that harmonic forms on a compact connected Lie group are just bi-invariant
forms ([8], chapter II, §7). We may check that Lie derivative (1.3.1) of 3-form with respect to left/right
invariant vector fields is zero.

On the space of scalar functions second term (the sum) in (1.7.17) disappears and de Rham operator
converts into the Laplace operator (we omit minus sign)

Δ = gμν∇μ∂ν =
1√|g|∂μ

(√
|g|gμν∂ν

)
= gμν∂μ∂ν +

1√|g|∂μ

(√
|g|gμν

)
∂ν , (1.7.25)

which coincides with the Casimir operator

C2 =
∑

i

L

ξ i

L

ξ i =
∑

i

R

ξ i

R

ξ i, (1.7.26)

C2 =
∑

i

(
L

ξ μ
i

L

ξ ν
i ∂μ∂ν+

L

ξ μ
i (∂μ

L

ξ ν
i )∂ν

)
. (1.7.27)

Explicit form for these operators is

Δ = C2 =
1

sin2 β

(
∂2

1 + sin2 β∂2
2 + ∂2

3 + cosβ(sin β∂2 − 2∂1∂3)
)
. (1.7.28)

From definition of vector fields Uτi =
L

ξ iU and properties of Pauli matrices (see appendix A) it follows
that the Casimir operator C2 satisfies the equality

C2U =
∑

i

L

ξ i

L

ξ iU =
∑

i

Uτiτi = −3

4
U. (1.7.29)
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Chapter 2

SU(3) group

2.1 Group element

The decomposition of an arbitrary element of SU(3) in Euler angles parametrization may be done in
the following way

Uτ = eτ3αeτ2βeτ3γeτ5θeτ3aeτ2beτ3ceτ8φ, (2.1.1)

using Gell-Mann matrices λk = (2i)τk. Its Hermitian conjugated matrix U † is

U † = e−τ8φe−τ3ce−τ2be−τ3ae−τ5θe−τ3γe−τ2βe−τ3α. (2.1.2)

In the definition of the left/right invariant forms

L
ω = U−1dU = τi

L
ω i R

ω = dUU−1 = τi
R
ω i (2.1.3)

the differential of the U matrix can be expressed via differentials of eight Euler parameters

dU = ∂μUdα
μ ∂μU ≡ ∂U

∂αμ
, (2.1.4)

where
αμ α β γ θ a b c φ
μ 1 2 3 4 5 6 7 8

(2.1.5)

We define Ωμ matrices through equations

∂μU = U
L

Ωμ ∂μU =
R

ΩμU. (2.1.6)

L

Ω 8 = τ8 (2.1.7)

L

Ω 7 = e−τ8φ τ3 eτ8φ (2.1.8)

L

Ω 6 = e−τ8φe−τ3c τ2 eτ3ceτ8φ (2.1.9)

L

Ω 5 = e−τ8φe−τ3ce−τ2b τ3 eτ2beτ3ceτ8φ (2.1.10)

L

Ω 4 = e−τ8φe−τ3ce−τ2be−τ3a τ5 eτ3aeτ2beτ3ceτ8φ (2.1.11)

L

Ω 3 = e−τ8φe−τ3ce−τ2be−τ3ae−τ5θ τ3 eτ5θeτ3aeτ2beτ3ceτ8φ (2.1.12)

L

Ω 2 = e−τ8φe−τ3ce−τ2be−τ3ae−τ5θe−τ3γ τ2 eτ3γeτ5θeτ3aeτ2beτ3ceτ8φ (2.1.13)

L

Ω 1 = e−τ8φe−τ3ce−τ2be−τ3ae−τ5θe−τ3γe−τ2β τ3 eτ2βeτ3γeτ5θeτ3aeτ2beτ3ceτ8φ (2.1.14)
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R

Ω 1 = τ3 (2.1.15)

R

Ω 2 = eτ3α τ2 e−τ3α (2.1.16)

R

Ω 3 = eτ3αeτ2β τ3 e−τ2βe−τ3α (2.1.17)

R

Ω 4 = eτ3αeτ2βeτ3γ τ5 e−τ3γe−τ2βe−τ3α (2.1.18)

R

Ω 5 = eτ3αeτ2βeτ3γeτ5θ τ3 e−τ5θe−τ3γe−τ2βe−τ3α (2.1.19)

R

Ω 6 = eτ3αeτ2βeτ3γeτ5θ eτ3a τ2 e−τ3ae−τ5θe−τ3γe−τ2βe−τ3α (2.1.20)

R

Ω 7 = eτ3αeτ2βeτ3γeτ5θeτ3aeτ2b τ3 e−τ2be−τ3ae−τ5θe−τ3γe−τ2βe−τ3α (2.1.21)

R

Ω 8 = eτ3αeτ2βeτ3γeτ5θeτ3aeτ2beτ3c τ8 e−τ3ce−τ2be−τ3ae−τ5θe−τ3γe−τ2βe−τ3α (2.1.22)

We substitute these matrices into the formulas for components of the basis forms

L
ω i

μ = −2Tr(τi
L

Ωμ),
R
ω i

μ = −2Tr(τi
R

Ωμ). (2.1.23)

L
ω i =

L
ω i

μdα
μ,

R
ω i =

R
ω i

μdα
μ. (2.1.24)

Calculations of vector fields and the adjoint matrix SO(8) may be done according to section 1.2
where matrices τ are understood as τ = λ/(2i).

2.2 Riemannian structure on SU(3) manifold

Using formulas from the section 1.4 we get the following results.

• Metric tensor

gdownSU(3)
= dα2 + dβ2 + dγ2 + 2 cos β dα dγ (2.2.1)

+da2 + db2 + dc2 + 2 cos b da dc (2.2.2)

+dθ2 + dφ2 −
√

3 sin2 θ

2
(cos β dα+ dγ)dφ (2.2.3)

+(1 + cos2 θ

2
)(cos β dα+ dγ)(da+ cos b dc) (2.2.4)

+2 cos
θ

2
sin(a+ γ)(sin β dα db+ sin b dβ dc) (2.2.5)

+2 cos
θ

2
cos(a+ γ)(dβ db− sin β sin b dα dc) (2.2.6)

• Inverse metric tensor
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gup
SU(3)

=
1

sin2 θ
2

(
1

sin2 β
(∂2

1 + sin2 β ∂2
2 + ∂2

3 − 2 cos β ∂1 ∂3) (2.2.7)

+
1

sin2 b
(∂2

5 + sin2 b ∂2
6 + ∂2

7 − 2 cos b ∂5 ∂7)

)
(2.2.8)

+2
cot θ

2

sin θ
2

(
cos(a+ γ)

( 1

sin β sin b
( ∂1 − cos β ∂3)( ∂7 − cos b ∂5) − ∂2 ∂6

)
(2.2.9)

− sin(a+ γ)
( 1

sin β
( ∂1 − cos β ∂3) ∂6 +

1

sin b
( ∂7 − cos b ∂5) ∂2

))
(2.2.10)

− 2

sin2 θ
2

∂3 ∂5 + ∂2
4 +

1

4
(
√

3∂5 − ∂8)
2 (2.2.11)

+
1

cos2 θ
2

(
(∂3 − ∂5)(∂3 +

√
3 ∂8) +

1

4
(∂5 +

√
3 ∂8)

2
)

(2.2.12)

• Determinants of metric and forms

det gdownSU(3)
= (det gup

SU(3)
)−1 = cos2 θ

2
sin6 θ

2
sin2 β sin2 b (2.2.13)

detω
SU(3)

= cos
θ

2
sin3 θ

2
sin β sin b (2.2.14)

• Ricci tensor

Rμν =
3

4
gμν , detRμν =

(
3

4

)8

det(gμν) (2.2.15)

• Curvature scalar

R =
3

4
gμνgμν =

3

4
8 = 6, gμνgμν = n = 8 (2.2.16)

2.3 Casimir operators and Laplacian

SU(3) group has two Casimir operators: second order operator C2 and third order operator C3. The
operator C2

C2 =
L

ξ i

L

ξ i = (
L

ξ μ
i

L

ξ ν
i )∂μ∂ν+

L

ξ μ
i (∂μ

L

ξ ν
i )∂ν = gμν∂μ∂ν+

L

ξ μ
i (∂μ

L

ξ ν
i )∂ν (2.3.17)

coinsides with the laplacian and has the form

C2 = gup
SU(3)

+
1

sin2 θ
2

(cot β ∂2 + cot b ∂6 + ∂4) + cot θ ∂4. (2.3.18)

From definition of the left invariant vector fields
L

ξ iU = Uτi and properties of Gell-Mann matrices (see
appendix C) it follows that C2 satisfies equality

C2U = Uτiτi = −4

3
U. (2.3.19)

17



Third order Casimir operator is

C3 = dijk

L

ξ i

L

ξ j

L

ξ k = dijk(
L

ξ μ
i ∂μ)(

L

ξ ν
j∂ν)(

L

ξ λ
k∂λ) (2.3.20)

or

C3 = dijk

L

ξ μ
i

L

ξ ν
j

L

ξ λ
k ∂μ∂ν∂λ (2.3.21)

+dijk

L

ξ μ
i

(
∂μ(

L

ξ ν
j

L

ξ λ
k)+

L

ξ ν
j∂μ(

L

ξ λ
k)
)
∂ν∂λ (2.3.22)

+dijk

L

ξ μ
i

(
(∂μ

L

ξ ν
j )(∂ν

L

ξ λ
k)+

L

ξ ν
j (∂μ∂ν

L

ξ λ
k)
)
∂λ. (2.3.23)

C3 satisfies to formulas

C3U = Udijkτiτjτk = i
10

9
U (2.3.24)

and

C3 = iC2(2C2 +
11

6
I3). (2.3.25)

Below we give explicit form of C3 splited into three parts which contain third, second and first derivatives

C3 = 3(A + B +
1

2
C) (2.3.26)

A =
1

2
a1 + a2 cos(a+ γ) + a3 sin(a+ γ) (2.3.27)

a1 =
1

sin2 θ
2

(
2(∂3 +

1√
3
∂8) ∂3∂5 (2.3.28)

− 1

sin2 β
(∂5 +

1√
3
∂8)(∂

2
1 + sin2 β ∂2

2 + ∂2
3 − 2 cos β ∂1∂3) (2.3.29)

− 1

sin2 b
(2∂3 − ∂5 +

1√
3
∂8)(∂

2
5 + sin2 b ∂2

6 + ∂2
7 − 2 cos b ∂5∂7)

)
(2.3.30)

+
1

cos2 θ
2

(
(∂3 − ∂5)(∂3∂5 − (

√
3 ∂8 + ∂3 − ∂5)

1√
3
∂8) (2.3.31)

+(
2√
3
∂3 −

√
3

4
∂5 +

1

4
∂8) ∂5∂8 −

√
3

4
∂3

8

)
(2.3.32)

+(∂2
4 +

√
3

4
∂5∂8)(∂5 − 1√

3
∂8) +

1

4
tan2 θ

2
∂3

5 +
1

4

(
∂8√
3

)3

(2.3.33)

a2 =
1

sin θ
2

(
1

sin β
(∂1 − cos β ∂3) ∂6 +

1

sin b
(∂7 − cos b ∂5) ∂2

)
∂4 (2.3.34)

+
1

cos θ
2

(
−1

2
∂5 +

1

sin2 θ
2

(
∂3 +

1

4
√

3
(5 − cos θ)∂8

))
× (2.3.35)

×
(
∂2∂6 − 1

sin β sin b
(∂1 − cos β ∂3)(∂7 − cos b ∂5)

)
(2.3.36)

18



a3 =
1

cos θ
2

(
−1

2
∂5 +

1

sin2 θ
2

(
∂3 +

1

4
√

3
(5 − cos θ)∂8

))
× (2.3.37)

×
(

1

sin β
(∂1 − cos β ∂3) ∂6 +

1

sin b
(∂7 − cos b ∂5) ∂2

)
(2.3.38)

− 1

sin θ
2

(
∂2∂6 − 1

sin β sin b
(∂1 − cos β ∂3)(∂7 − cos b ∂5)

)
∂4 (2.3.39)

sin2 θ

2
B = cos

θ

2
cos(a+ γ)

( 1

sin β
( ∂1 − cos β ∂3) ∂6 +

1

sin b
( ∂7 − cos b ∂5) ∂2

)
(2.3.40)

+ cos
θ

2
sin(a+ γ)

( 1

sin β sin b
( ∂1 − cos β ∂3)( ∂7 − cos b ∂5) − ∂2 ∂6

)
(2.3.41)

+
1

2

(
cot β ∂2 +

sin 3
2
θ

2 cos θ
2

∂4 + cot b ∂6

)(
∂5 − 1√

3
∂8

)
(2.3.42)

− cot β ∂2∂5 − cot b ∂3∂6 (2.3.43)

C = −∂5 +
1√
3
∂8 (2.3.44)

2.4 Harmonic forms

The Betti numbers bp [7] are equal to number of harmonic p-forms. In the case of SU(3) they are [3]

bp : 1, 0, 0, 1, 0, 1, 0, 0, 1 p = 0, 1, . . . , 8. (2.4.45)

The first is 0-form, unity. The last is the form of invariant volume with one significant component given
by determinant of left (or right) invariant forms (2.2.14)

Θ8 = ∗1 =
√
g dα ∧ dβ ∧ dγ ∧ dθ ∧ da ∧ db ∧ dc ∧ dφ. (2.4.46)

So we need to compute only 3-form and its dual - 5-form. 3-form is

Θ3 = Tr(ω ∧ ω ∧ ω) = Tr(τ[aτbτc])ω
a ∧ ωb ∧ ωc, (2.4.47)

where ω = U−1dU . Using the trace of antisymmetrized product of three τ matrices

Tr(τ[aτbτc]) = −1

4
fabc. (2.4.48)

we get

Θ3 = −1

4
fabc ω

a ∧ ωb ∧ ωc = −1

4
fabc ω

a
μω

b
νω

c
λdα

μ ∧ dαν ∧ dαλ. (2.4.49)

The harmonic 3-form is

Θ3 = −3

2
ψμνλ dα

μ ∧ dαν ∧ dαλ, 1 ≤ μ < ν < λ ≤ 8 (2.4.50)

with coefficients ψμνλ given in appendix G

ψμνλ := fabc ω
a
μω

b
νω

c
λ. (2.4.51)
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5- form is
Θ5 = Tr(ω ∧ ω ∧ ω ∧ ω ∧ ω) = Tr(τ[i1 . . . τi5])ω

i1 ∧ . . . ∧ ωi5 . (2.4.52)

The trace in the definition of Θ5 is

Tr(τ[i1τi2τi3τi4τi5]) =
i

16
f[i1i2|kdk|i3|lfl|i4i5] (2.4.53)

(alternation with respect to indices i1, . . . , i5 and sum with respect to indices k, l). With coefficients

χi1...i5 :=
1

η
Tr(τ[i1τi2τi3τi4τi5]), η =

i

64
√

3
, (2.4.54)

5-form becomes
Θ5 = ηχi1...i5 ω

i1 ∧ . . . ∧ ωi5 (2.4.55)

In holonomic basis the harmonic 5-form looks as it follows

Θ5 = ηΥi1...i5 dα
i1 ∧ . . . ∧ dαi5 , (2.4.56)

where coefficients Υi1...i5 are introduced (see appendix G)

Υi1...i5 := χj1...j5 ω
j1
i1
. . . ωj5

i5
. (2.4.57)

Each component of the 3-form has dual component of 5-form. Three indices of a component of the
3-form and five indices of the dual component of 5-form constitute a permutation of the set {1, 2, . . . , 8}.
In the following table we compare coefficients fabc and χdefgh of dual components of 3-form and 5-form

a b c fabc d e f g h χdefgh sgn(σabcdfgh)

1 2 3 1 4 5 6 7 8 −2 1
1 4 7 1/2 2 3 5 6 8 −1 1
1 5 6 −1/2 2 3 4 7 8 1 1
2 4 6 1/2 1 3 5 7 8 −1 1
2 5 7 1/2 1 3 4 6 8 −1 1
3 4 5 1/2 1 2 6 7 8 −1 1
3 6 7 −1/2 1 2 4 5 8 1 1

4 5 8
√

3/2 1 2 3 6 7
√

3 −1

6 7 8
√

3/2 1 2 3 4 5
√

3 −1

(2.4.58)

From

f[i1i2i3χi4...i8] = −1

7
εi1...i8 , (2.4.59)

ψ[i1i2i3Υi4...i8] = −1

7

√
gεi1...i8 (2.4.60)

we see that the product Θ3 ∧ Θ5 is proportional to Θ8

Θ3 ∧ Θ5 =
η

28
εi1...i8ω

i1 ∧ . . . ∧ ωi8 = i
15
√

3

2
Θ8 (2.4.61)

Note if we define Θ̃5 := ∗Θ3 we shall get the same results up to the some numerical factors.
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Appendix A

Pauli matrices

Hermitian matrices σi = σ†
i

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.1)

Anti-Hermitian matrices τi = −τ †i
τk =

σk

2i
(A.2)

τi τj = −1

4
δijI2 +

1

2
εijk τk (A.3)

Totally antisymmetric unit tensor

εi1i2...in =

⎧⎨
⎩

+1 even permutation σ
−1 odd permutation σ

0 any two indices repeated
(A.4)

[τi, τj] = εijk τk, (A.5)

εijk εmnk = δim δjn − δin δjm (A.6)

τi τj τk = −1

8
εijk I2 − 1

4
(δij τk − δik τj + δjk τi) (A.7)

τ[i τj τk] = −1

8
εijk I2 (A.8)

Adjoint representation of Lie algebra su(2)

(adτi
)jk := −εijk (A.9)

adτ1 =

⎛
⎝ 0 0 0

0 0 −1
0 1 0

⎞
⎠ adτ2 =

⎛
⎝ 0 0 1

0 0 0
−1 0 0

⎞
⎠ adτ3 =

⎛
⎝ 0 −1 0

1 0 0
0 0 0

⎞
⎠ (A.10)

adτi
τj = εijkτk = [τi, τj] (A.11)

Cartan metric (the value of the Killing form K on basis vectors of a Lie algebra)

K(τi, τj) = Tr(adτi
adτj

) = −2δij (A.12)
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Appendix B

SU(2) Omega Ω Matrices

L

Ω 1 = e−τ3γe−τ2βτ3e
τ2βeτ3γ = sin β(− cos γ τ1 + sin γ τ2) + cos β τ3 (B.1)

L

Ω 1 =
1

2i

(
cos β − sin β eiγ

− sin β e−iγ − cos β

)
(B.2)

L

Ω 2 = e−τ3γτ2e
τ3γ = sin γ τ1 + cos γ τ2 (B.3)

L

Ω 2 =
1

2

(
0 −e−iγ

eiγ 0

)
(B.4)

L

Ω 3 =
R

Ω 1 = τ3 (B.5)

R

Ω 2 = eτ3ατ2e
−τ3α = − sinα τ1 + cosα τ2 (B.6)

R

Ω 2 =
1

2

(
0 −e−iα

eiα 0

)
(B.7)

R

Ω 3 = eτ3αeτ2βτ3e
−τ2βe−τ3γ = sin β(cosα τ1 + sinα τ2) + cosβ τ3 (B.8)

R

Ω 3 =
1

2i

(
cos β sin β e−iα

sin β eiα − cos β

)
(B.9)

τ1 = −cos γ

sin β

(
L

Ω 1 − cos β
L

Ω 3

)
+ sin γ

L

Ω 2 (B.10)

τ1 =
cosα

sin β

(
R

Ω 3 − cos β
R

Ω 1

)
− sinα

R

Ω 2 (B.11)

τ2 =
sin γ

sin β

(
L

Ω 1 − cos β
L

Ω 3

)
+ cos γ

L

Ω 2 (B.12)

τ2 =
sinα

sin β

(
R

Ω 3 − cos β
R

Ω 1

)
+ cosα

R

Ω 2 (B.13)

L

Ωμ

L

Ω ν = − 1

4
gμν I2 − 1

2

√
|g| εμνλ g

λρ
L

Ω ρ (B.14)
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R

Ωμ

R

Ω ν = − 1

4
gμν I2 − 1

2

√
|g| εμνλ g

λρ
R

Ω ρ (B.15)

[
L

Ωμ,
L

Ω ν ] = −εμνλ

√
|g| gλρ

L

Ω ρ (B.16)

[
R

Ωμ,
R

Ω ν ] = −εμνλ

√
|g| gλρ

R

Ω ρ (B.17)

L

Ω
†
μ = − L

Ωμ,
R

Ω
†
μ = − R

Ωμ, (B.18)

L

Ω
−1
μ = −4

L

Ωμ,
R

Ω
−1
μ = −4

R

Ωμ, (B.19)

det
L

Ωμ = det
R

Ωμ =
1

4
(B.20)
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Appendix C

Gell-Mann matrices and SU(3) structure
constants

Gell-Mann matrices

λ1 =

⎛
⎝ 0 1 0

1 0 0
0 0 0

⎞
⎠ λ2 =

⎛
⎝ 0 −i 0

i 0 0
0 0 0

⎞
⎠ λ3 =

⎛
⎝ 1 0 0

0 −1 0
0 0 0

⎞
⎠

λ4 =

⎛
⎝ 0 0 1

0 0 0
1 0 0

⎞
⎠ λ5 =

⎛
⎝ 0 0 −i

0 0 0
i 0 0

⎞
⎠ λ6 =

⎛
⎝ 0 0 0

0 0 1
0 1 0

⎞
⎠

λ7 =

⎛
⎝ 0 0 0

0 0 −i
0 i 0

⎞
⎠ λ8 =

1√
3

⎛
⎝ 1 0 0

0 1 0
0 0 −2

⎞
⎠

(C.1)

τk =
λk

2i
, λ† = λ, τ † = −τ (C.2)

τaτb = −1

6
δabI3 +

1

2i
dabcτc +

1

2
fabcτc (C.3)

Commutator

[τa, τb] = fabcτc (C.4)

Anticommutator

{τa, τb} = −1

3
δabI3 − idabcτc (C.5)

SU(3) structure constants
fabc = −2Tr([τa, τb]τc) (C.6)

dabc = −2iTr({τa, τb}τc) (C.7)

f123 = 1,
f147 = f246 = f257 = f345 = f516 = f637 = 1/2,

f458 = f678 =
√

3/2,
(C.8)

fabi fdci =
2

3
(δadδbc − δacδbd) + (dadi dbci − daci dbdi) . (C.9)
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Jacobi identity

fabificd + fbcifiad + fcaifibd = 0 (C.10)

fabidicd + fbcidiad + fcaidibd = −i4!Tr(τ[aτbτc]τd) (C.11)

dabificd + dbcifiad + dcaifibd = 0 (C.12)

dabidicd + dbcidiad + dcaidibd =
1

3
(δabδcd + δbcδad + δcaδbd) (C.13)

fabidicd = −2iTr([τa, τb]{τc, τd}) (C.14)

fabcfabd = 3δcd (C.15)

fabcdabd = 0 (C.16)

dabcdabd =
5

3
δcd (C.17)

∑
a

τaτbτa =
1

6
τb (C.18)

fabcτbτc =
3

2
τa (C.19)

fadgfbedfcge = −3

2
fabc (C.20)

fabcfadefbdffceg =
9

2
δfg (C.21)

SU(3) τ matrix products, their alternation and traces

φabc :=
1

2
(fabc − idabc) (C.22)

fabc = 2�φabc = φabc + φ∗
abc, dabc = −2�φabc = 2�φ∗

abc = i(φabc − φ∗
abc) (C.23)

τaτb = −1

6
δabI3 + φabiτi (C.24)

τaτbτc = −1

6
(φabcI3 + δabτc) + φabiφicjτj (C.25)

τaτbτcτd = −1

6

(
(−1

6
δabδcd + φabiφicd)I3 + φabcτd + δabφcdiτi

)
+ φabiφicjφjdfτf (C.26)

τaτbτcτdτe = − 1

6

(
− 1

6
(δabφcde + φabcδde)I3 + φabiφicjφjdeI3

+ (−1

6
δabδcd + φabiφicd)τe + φabcφdeiτi + δabφcdiφiejτj

)
+ φabiφicjφjdfφfekτk (C.27)

τ[i1τi2 . . . τin] = A(τi1τi2 . . . τin) =
1

n!

∑
σ∈Sn

sgn(σ)τσ(i1τi2 . . . τin) (C.28)
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τ[aτb] =
1

2
[τa, τb] =

1

2
fabcτc (C.29)

Tr(τ[aτb]) = 0 (C.30)

τ[aτbτc] = − 1

12

(
fabcI3 + i(fabidicf + fbcidiaf + fcaidibf )τf

)
(C.31)

Tr(τ[aτbτc]) = −1

4
fabc (C.32)

Tr(τ[aτbτcτd]) = 0 (C.33)

f[ab|ifi|cd] = 0, f[ab|ifi|c|jfj|de] = 0 (C.34)

Tr(τ[aτbτcτdτe]) =
i

16
f[ab|idi|c|jfj|de] (C.35)

where alternation with respect to indices a, b, c, d, e and summation with respect to indices i, j.

Tr(τ[aτbτcτdτeτf ]) = 0 (C.36)

Tr(τ[aτbτcτdτeτfτg]) = 0 (C.37)

Tr(τ[aτbτcτdτeτfτgτh]) = 0 (C.38)
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Appendix D

SU(3) left/right invariant 1-forms

Left invariant 1-forms

L
ω 1 = −( cos c cosβ sin b(1 − 1

2 sin2 θ
2)

+ cos θ
2 sin β(cos b cos c cos(a+ γ) − sin c sin(a+ γ))

)
dα

+ cos θ
2(cos(a+ γ) sin c+ cos b cos c sin(a+ γ))dβ

− cos c sin b(1 − 1
2 sin2 θ

2)dγ − cos c sin b da+ sin c db

L
ω 2 =

(
cos β sin b sin c(1 − 1

2 sin2 θ
2)

+ cos θ
2 sin β(cos b cos(a+ γ) sin c+ cos c sin(a+ γ))

)
dα

+ cos θ
2(cos c cos(a+ γ) − cos b sin c sin(a+ γ))dβ

+ sin b sin c(1 − 1
2 sin2 θ

2)dγ + sin b sin c da+ cos c db

L
ω 3 =

(
cos b cosβ(1 − 1

2 sin2 θ
2) − cos(a+ γ) cos θ

2 sin b sinβ
)
dα

+ cos θ
2 sin b sin(a+ γ)dβ + cos b(1 − 1

2 sin2 θ
2)dγ + cos b da+ dc

L
ω 4 = sin θ

2

(
cos a−c+2γ−√

3φ
2 sin b

2 sin β − cos b
2 cos β cos θ

2 cos a+c+
√

3φ
2

)
dα

− sin b
2 sin θ

2 sin a−c+2γ−√
3φ

2 dβ − 1
2 cos b

2 cos a+c+
√

3φ
2 sin θ dγ

+ cos b
2 sin a+c+

√
3φ

2 dθ

L
ω 5 = sin θ

2

(
sin b

2 sin β sin a−c+2γ−√
3φ

2 + cos b
2 cos β cos θ

2 sin a+c+
√

3φ
2

)
dα

+ cos a−c+2γ−√
3φ

2 sin b
2 sin θ

2dβ + 1
2 cos b

2 sin θ sin a+c+
√

3φ
2 dγ

+ cos b
2 cos a+c+

√
3φ

2 dθ

L
ω 6 = sin θ

2

(
cos β cos θ

2 cos a−c+
√

3φ
2 sin b

2 + cos b
2 cos a+c+2γ−√

3φ
2 sin β

)
dα

− cos b
2 sin θ

2 sin a+c+2γ−√
3φ

2 dβ + 1
2 cos a−c+

√
3φ

2 sin b
2 sin θ dγ

− sin b
2 sin a−c+

√
3φ

2 dθ

L
ω 7 = sin θ

2

(
cos b

2 sin β sin a+c+2γ−√
3φ

2 − cos β cos θ
2 sin b

2 sin a−c+
√

3φ
2

)
dα

+ cos b
2 cos a+c+2γ−√

3φ
2 sin θ

2dβ − 1
2 sin b

2 sin θ sin a−c+
√

3φ
2 dγ

− cos a−c+
√

3φ
2 sin b

2dθ
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L
ω 8 = −

√
3

2 cos β sin2 θ
2dα−

√
3

2 sin2 θ
2dγ + dφ

Right invariant 1-forms

R
ω 1 = − sinα dβ + cosα sin β dγ + cosα sin β(1 − 1

2 sin2 θ
2)da

− cos θ
2(cos(a+ γ) sinα+ cosα cos β sin(a+ γ))db

+
(

cos θ
2 sin b(cosα cos β cos(a+ γ) − sinα sin(a+ γ))

+ cosα cos b sinβ(1 − 1
2 sin2 θ

2)
)
dc−

√
3

2 cosα sin β sin2 θ
2dφ

R
ω 2 = cosα dβ + sinα sin β dγ + sinα sin β(1 − 1

2 sin2 θ
2)da

+ cos θ
2(cosα cos(a+ γ) − cos β sinα sin(a+ γ))db

+(cos θ
2 sin b(cos β cos(a+ γ) sinα+ cosα sin(a+ γ))

+ cos b sinα sin β(1 − 1
2 sin2 θ

2))dc−
√

3
2 sinα sin β sin2 θ

2dφ

R
ω 3 = dα+ cos βdγ + cos β(1 − 1

2 sin2 θ
2)da+ cos θ

2 sin β sin(a+ γ)db
+
(
cos b cos β(1 − 1

2 sin2 θ
2) − cos(a+ γ) cos θ

2 sin b sin β
)
dc

−
√

3
2 cos β sin2 θ

2dφ

R
ω 4 = − cos β

2 sin α+γ
2 dθ + 1

2 cos β
2 cos α+γ

2 sin θda+ sin β
2 sin 2a−α+γ

2 sin θ
2db

+ sin θ
2

(
cos b cos β

2 cos θ
2 cos α+γ

2 − cos 2a−α+γ
2 sin b sin β

2

)
dc

+
√

3
2 cos β

2 cos α+γ
2 sin θdφ

R
ω 5 = cos β

2 cos α+γ
2 dθ + 1

2 cos β
2 sin α+γ

2 sin θda+ cos 2a−α+γ
2 sin β

2 sin θ
2db

+ sin θ
2

(
sin b sin β

2 sin 2a−α+γ
2 + cos b cos β

2 cos θ
2 sin α+γ

2

)
dc

+
√

3
2 cos β

2 sin α+γ
2 sin θdφ

R
ω 6 = sin β

2 sin α−γ
2 dθ + 1

2 cos α−γ
2 sin β

2 sin θda− cos β
2 sin 2a+α+γ

2 sin θ
2db

+ sin θ
2

(
cos β

2 cos 2a+α+γ
2 sin b+ cos b cos θ

2 cos α−γ
2 sin β

2

)
dc

+
√

3
2 cos α−γ

2 sin β
2 sin θdφ

R
ω 7 = cos α−γ

2 sin β
2dθ − 1

2 sin β
2 sin α−γ

2 sin θda− cos β
2 cos 2a+α+γ

2 sin θ
2db

− sin θ
2

(
cos β

2 sin b sin 2a+α+γ
2 + cos b cos θ

2 sin β
2 sin α−γ

2

)
dc

−
√

3
2 sin β

2 sin α−γ
2 sin θdφ

R
ω 8 = −

√
3

2 sin2 θ
2da−

√
3

2 cos b sin2 θ
2dc+ (1 − 3

2 sin2 θ
2)dφ
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Appendix E

SU(3) left/right invariant vectors

Left invariant vectors

L

ξ 1 = −cos c

sin b
∂5 + sin c ∂6 + cot b cos c ∂7

L

ξ 2 =
sin c

sin b
∂5 + cos c ∂6 − cot b sin c ∂7

L

ξ 3 = ∂7

L

ξ 4 =
sin b

2

sin β sin θ
2

cos a−c+2γ−√
3φ

2 ∂1 −
sin b

2

sin θ
2

sin a−c+2γ−√
3φ

2 ∂2

−
(

sin b
2

sin θ
2

cot β cos a−c+2γ−√
3φ

2 +
2 cos b

2

sin θ
cos a+c+

√
3φ

2

)
∂3

+ cos b
2 sin a+c+

√
3φ

2 ∂4 +
1

2

(
cot θ

2

cos b
2

+ cos b
2 tan θ

2

)
cos a+c+

√
3φ

2 ∂5

− cot θ
2 sin b

2 sin a+c+
√

3φ
2 ∂6 +

cot θ
2

2 cos b
2

cos a+c+
√

3φ
2 ∂7

−
√

3

2
cos b

2 cos a+c+
√

3φ
2 tan θ

2∂8

L

ξ 5 =
sin b

2

sin β sin θ
2

sin a−c+2γ−√
3φ

2 ∂1 +
sin b

2

sin θ
2

cos a−c+2γ−√
3φ

2 ∂2

+

(
2 cos b

2

sin θ
sin a+c+

√
3φ

2 − sin b
2

sin θ
2

cotβ sin a−c+2γ−√
3φ

2

)
∂3

+ cos b
2 cos a+c+

√
3φ

2 ∂4 − 1

2

(
cot θ

2

cos b
2

+ cos b
2 tan θ

2

)
sin a+c+

√
3φ

2 ∂5

− cos a+c+
√

3φ
2 cot θ

2 sin b
2∂6 −

cot θ
2

2 cos b
2

sin a+c+
√

3φ
2 ∂7

+

√
3

2
cos b

2 sin a+c+
√

3φ
2 tan θ

2∂8
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L

ξ 6 =
cos b

2

sin β sin θ
2

cos a+c+2γ−√
3φ

2 ∂1 −
cos b

2

sin θ
2

sin a+c+2γ−√
3φ

2 ∂2

+

(
2 sin b

2

sin θ
cos a−c+

√
3φ

2 − cos b
2

sin θ
2

cot β cos a+c+2γ−√
3φ

2

)
∂3

− sin b
2 sin a−c+

√
3φ

2 ∂4 − 1

2

(
cot θ

2

sin b
2

+ sin b
2 tan θ

2

)
cos a−c+

√
3φ

2 ∂5

− cos b
2 cot θ

2 sin a−c+
√

3φ
2 ∂6 +

cot θ
2

2 sin b
2

cos a−c+
√

3φ
2 ∂7

+

√
3

2
cos a−c+

√
3φ

2 sin b
2 tan θ

2∂8

L

ξ 7 =
cos b

2

sin β sin θ
2

sin a+c+2γ−√
3φ

2 ∂1 +
cos b

2

sin θ
2

cos a+c+2γ−√
3φ

2 ∂2

−
(

cos b
2

sin θ
2

cotβ sin a+c+2γ−√
3φ

2 +
2 sin b

2

sin θ
sin a−c+

√
3φ

2

)
∂3

− cos a−c+
√

3φ
2 sin b

2∂4 +
1

2

(
cot θ

2

sin b
2

+ sin b
2 tan θ

2

)
sin a−c+

√
3φ

2 ∂5

− cos b
2 cos a−c+

√
3φ

2 cot θ
2∂6 −

cot θ
2

2 sin b
2

sin a−c+
√

3φ
2 ∂7

−
√

3

2
sin b

2 sin a−c+
√

3φ
2 tan θ

2∂8

L

ξ 8 = ∂8

right invariant vectors

R

ξ 1 = − cosα cot β ∂1 − sinα ∂2 +
cosα

sin β
∂3

R

ξ 2 = − sinα cot β ∂1 + cosα ∂2 +
sinα

sin β
∂3

R

ξ 3 = ∂1
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R

ξ 4 = − cot θ
2

2 cos β
2

cos α+γ
2 ∂1 + cot θ

2 sin β
2 sin α+γ

2 ∂2

+ cos α+γ
2

(
cos β

2 tan θ
2 −

cot θ
2

2 cos β
2

)
∂3 − cos β

2 sin α+γ
2 ∂4

+

(
cot b

sin θ
2

cos 2a−α+γ
2 sin β

2 +
cos β

2

sin θ
cos α+γ

2 (2 − 3 sin2 θ
2)

)
∂5

+
sin β

2

sin θ
2

sin 2a−α+γ
2 ∂6 −

sin β
2

sin b sin θ
2

cos 2a−α+γ
2 ∂7

+

√
3

2
cos β

2 cos α+γ
2 tan θ

2∂8

R

ξ 5 = − cot θ
2

2 cos β
2

sin α+γ
2 ∂1 − cos α+γ

2 cot θ
2 sin β

2∂2

+ sin α+γ
2

(
cos β

2 tan θ
2 −

cot θ
2

2 cos β
2

)
∂3 + cos β

2 cos α+γ
2 ∂4

+

(
cos β

2

sin θ
sin α+γ

2 (2 − 3 sin2 θ
2) −

cot b

sin θ
2

sin 2a−α+γ
2 sin β

2

)
∂5

+
sin β

2

sin θ
2

cos 2a−α+γ
2 ∂6 +

sin β
2

sin b sin θ
2

sin 2a−α+γ
2 ∂7

+

√
3

2
cos β

2 sin α+γ
2 tan θ

2∂8

R

ξ 6 =
cot θ

2

2 sin β
2

cos α−γ
2 ∂1 + cos β

2 cot θ
2 sin α−γ

2 ∂2

+ cos α−γ
2

(
sin β

2 tan θ
2 −

cot θ
2

2 sin β
2

)
∂3 + sin β

2 sin α−γ
2 ∂4

+

(
sin β

2

sin θ
cos α−γ

2 (2 − 3 sin2 θ
2) −

cot b

sin θ
2

cos 2a+α+γ
2 cos β

2

)
∂5

−cos β
2

sin θ
2

sin 2a+α+γ
2 ∂6 +

cos β
2

sin b sin θ
2

cos 2a+α+γ
2 ∂7

+

√
3

2
cos α−γ

2 sin β
2 tan θ

2∂8
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R

ξ 7 = − cot θ
2

2 sin β
2

sin α−γ
2 ∂1 + cos β

2 cos α−γ
2 cot θ

2∂2

+ sin α−γ
2

(
cot θ

2

2 sin β
2

− sin β
2 tan θ

2

)
∂3 + cos α−γ

2 sin β
2∂4

+

(
cot b

sin θ
2

cos β
2 sin 2a+α+γ

2 − sin β
2

sin θ
sin α−γ

2 (2 − 3 sin2 θ
2)

)
∂5

−cos β
2

sin θ
2

cos 2a+α+γ
2 ∂6 −

cos β
2

sin b sin θ
2

sin 2a+α+γ
2 ∂7

−
√

3

2
sin β

2 sin α−γ
2 tan θ

2∂8

R

ξ 8 =
√

3∂3 −
√

3∂5 + ∂8
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Appendix F

The adjoint matrix for SU(3) invariant
forms and vectrors

r[1, 1] = − cos c cosα sin b sinβ(1 − 1
2 sin2 θ

2)
− cos θ

2 sin c(cos(a+ γ) sinα + cosα cos β sin(a+ γ))
+ cos b cos c cos θ

2(cosα cos β cos(a+ γ) − sinα sin(a+ γ))

r[1, 2] = cosα cos θ
2(cos(a+ γ) sin c+ cos b cos c sin(a+ γ))

− sinα
(

cos β cos θ
2 sin c sin(a+ γ)

+ cos c(sin b sinβ(1 − 1
2 sin2 θ

2) − cos b cosβ cos(a+ γ) cos θ
2)
)

r[1, 3] = − cos c
(

cos β sin b(1 − 1
2 sin2 θ

2) + cos b cos(a+ γ) cos θ
2 sin β

)
+ cos θ

2 sin c sinβ sin(a+ γ)

r[1, 4] = sin θ
2

(
sin β

2 (− cos b cos c cos 2a−α+γ
2 + sin c sin 2a−α+γ

2 )

− cos c cos β
2 cos θ

2 cos α+γ
2 sin b

)

r[1, 5] = sin θ
2

(
sin β

2 (cos 2a−α+γ
2 sin c+ cos b cos c sin 2a−α+γ

2 )

− cos c cos β
2 cos θ

2 sin b sin α+γ
2

)

r[1, 6] = sin θ
2

(
cos β

2 (cos b cos c cos 2a+α+γ
2 − sin c sin 2a+α+γ

2 )

− cos c cos α−γ
2 cos θ

2 sin b sin β
2

)

r[1, 7] = sin θ
2

(
− cos β

2 (cos 2a+α+γ
2 sin c+ cos b cos c sin 2a+α+γ

2 )

+ cos c cos θ
2 sin b sin β

2 sin α−γ
2

)

r[1, 8] =
√

3
2 cos c sin b sin2 θ

2
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r[2, 1] = cosα sin b sin c sin β(1 − 1
2 sin2 θ

2)
− cos c cos θ

2(cos(a+ γ) sinα+ cosα cos β sin(a+ γ))
+ cos b cos θ

2 sin c(sinα sin(a+ γ) − cosα cos β cos(a+ γ))

r[2, 2] = cos c cos θ
2(cosα cos(a+ γ) − cos β sinα sin(a+ γ))

+ sin c
(

sin b sinα sin β(1 − 1
2 sin2 θ

2)

− cos b cos θ
2(cos β cos(a+ γ) sinα+ cosα sin(a+ γ))

)
r[2, 3] = cos θ

2 sin β(cos b cos(a+ γ) sin c+ cos c sin(a+ γ))
+ cos β sin b sin c(1 − 1

2 sin2 θ
2)

r[2, 4] = sin θ
2

(
sin β

2 (cos b cos 2a−α+γ
2 sin c+ cos c sin 2a−α+γ

2 )

+ cos β
2 cos θ

2 cos α+γ
2 sin b sin c

)
r[2, 5] = sin θ

2

(
sin c(− cos b sin β

2 sin 2a−α+γ
2 + cos β

2 cos θ
2 sin b sin α+γ

2 )

+ cos c cos 2a−α+γ
2 sin β

2

)
r[2, 6] = sin θ

2

(
− cos β

2 (cos b cos 2a+α+γ
2 sin c+ cos c sin 2a+α+γ

2 )

+ cos θ
2 cos α−γ

2 sin b sin c sin β
2

)
r[2, 7] = sin θ

2

(
sin c(cos b cos β

2 sin 2a+α+γ
2 − cos θ

2 sin b sin β
2 sin α−γ

2 )

− cos c cos β
2 cos 2a+α+γ

2

)
r[2, 8] = −

√
3

2 sin b sin c sin2 θ
2

r[3, 1] = cosα(cos β cos(a+ γ) cos θ
2 sin b+ cos b sinβ(1 − 1

2 sin2 θ
2))

− cos θ
2 sin b sinα sin(a+ γ)

r[3, 2] = cos θ
2 sin b(cos β cos(a+ γ) sinα+ cosα sin(a+ γ))

+ cos b sinα sin β(1 − 1
2 sin2 θ

2)

r[3, 3] = cos b cos β(1 − 1
2 sin2 θ

2) − cos(a+ γ) cos θ
2 sin b sinβ

r[3, 4] = sin θ
2(cos b cos β

2 cos θ
2 cos α+γ

2 − cos 2a−α+γ
2 sin b sin β

2 )

r[3, 5] = sin θ
2(sin b sin β

2 sin 2a−α+γ
2 + cos b cos β

2 cos θ
2 sin α+γ

2 )

r[3, 6] = sin θ
2(cos β

2 cos 2a+α+γ
2 sin b+ cos b cos α−γ

2 cos θ
2 sin β

2 )

r[3, 7] = − sin θ
2(cos β

2 sin b sin 2a+α+γ
2 + cos b cos θ

2 sin β
2 sin α−γ

2 )

r[3, 8] = −
√

3
2 cos b sin2 θ

2
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r[4, 1] = sin b
2 sinα sin θ

2 sin a−c+2γ−√
3φ

2 − cosα sin θ
2(

cos β cos a−c+2γ−√
3φ

2 sin b
2 + cos b

2 cos θ
2 cos a+c+

√
3φ

2 sin β
)

r[4, 2] = − cosα sin b
2 sin θ

2 sin a−c+2γ−√
3φ

2 − sinα sin θ
2(

cos β cos a−c+2γ−√
3φ

2 sin b
2 + cos b

2 cos θ
2 cos a+c+

√
3φ

2 sin β
)

r[4, 3] = sin θ
2(cos a−c+2γ−√

3φ
2 sin b

2 sin β − cos b
2 cos β cos θ

2 cos a+c+
√

3φ
2 )

r[4, 4] = − cos θ
2 cos a−c−α+γ−√

3φ
2 sin b

2 sin β
2 + cos b

2 cos β
2(

cos α+γ
2 cos θ

2 cos a+c+
√

3φ
2 − sin α+γ

2 sin a+c+
√

3φ
2

)
r[4, 5] = cos θ

2 sin b
2 sin β

2 sin a−c−α+γ−√
3φ

2 + cos b
2 cos β

2(
cos θ

2 cos a+c+
√

3φ
2 sin α+γ

2 + cos α+γ
2 sin a+c+

√
3φ

2

)
r[4, 6] = cos β

2 cos θ
2 cos a−c+α+γ−√

3φ
2 sin b

2 + cos b
2 sin β

2(
cos α−γ

2 cos θ
2 cos a+c+

√
3φ

2 + sin α−γ
2 sin a+c+

√
3φ

2

)
r[4, 7] = − cos β

2 cos θ
2 sin b

2 sin a−c+α+γ−√
3φ

2 + cos b
2 sin β

2(− cos θ
2 cos a+c+

√
3φ

2 sin α−γ
2 + cos α−γ

2 sin a+c+
√

3φ
2

)
r[4, 8] = −

√
3

2 cos b
2 cos a+c+

√
3φ

2 sin θ

r[5, 1] = sin θ
2

(
cos b

2 cosα cos θ
2 sin β sin a+c+

√
3φ

2

− sin b
2(cos a−c+2γ−√

3φ
2 sinα+ cosα cos β sin a−c+2γ−√

3φ
2 )

)
r[5, 2] = sin θ

2

(
cos b

2 cos θ
2 sinα sin β sin a+c+

√
3φ

2

+ sin b
2(cosα cos a−c+2γ−√

3φ
2 − cos β sinα sin a−c+2γ−√

3φ
2 )

)
r[5, 3] = sin θ

2(sin
b
2 sin β sin a−c+2γ−√

3φ
2 + cos b

2 cos β cos θ
2 sin a+c+

√
3φ

2 )

r[5, 4] = − cos θ
2 sin b

2 sin β
2 sin a−c−α+γ−√

3φ
2 − cos b

2 cos β
2(

cos a+c+
√

3φ
2 sin α+γ

2 + cos α+γ
2 cos θ sin a+c+

√
3φ

2

)
r[5, 5] = − cos θ

2 cos a−c−α+γ−√
3φ

2 sin b
2 sin β

2 + cos b
2 cos β

2(
cos α+γ

2 cos a+c+
√

3φ
2 − cos θ sin α+γ

2 sin a+c+
√

3φ
2

)
r[5, 6] = cos β

2 cos θ
2 sin b

2 sin a−c+α+γ−√
3φ

2 + cos b
2 sin β

2(
cos a+c+

√
3φ

2 sin α−γ
2 − cos α−γ

2 cos θ sin a+c+
√

3φ
2

)
r[5, 7] = cos β

2 cos θ
2 cos a−c+α+γ−√

3φ
2 sin b

2 + cos b
2 sin β

2(
cos α−γ

2 cos a+c+
√

3φ
2 + cos θ sin α−γ

2 sin a+c+
√

3φ
2

)
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r[5, 8] =
√

3
2 cos b

2 sin θ sin a+c+
√

3φ
2

r[6, 1] = sin θ
2

(
cosα cos θ

2 cos a−c+
√

3φ
2 sin b

2 sin β

+ cos b
2(sinα sin a+c+2γ−√

3φ
2 − cosα cos β cos a+c+2γ−√

3φ
2 )

)
r[6, 2] = sin θ

2

(
cos θ

2 cos a−c+
√

3φ
2 sin b

2 sinα sin β

− cos b
2(cos β cos a+c+2γ−√

3φ
2 sinα+ cosα sin a+c+2γ−√

3φ
2 )

)
r[6, 3] = sin θ

2(cos β cos θ
2 cos a−c+

√
3φ

2 sin b
2 + cos b

2 cos a+c+2γ−√
3φ

2 sin β)

r[6, 4] = − cos b
2 cos θ

2 cos a+c−α+γ−√
3φ

2 sin β
2 + cos β

2 sin b
2

(sin α+γ
2 sin a−c+

√
3φ

2 − cos α+γ
2 cos θ cos a−c+

√
3φ

2 )

r[6, 5] = cos b
2 cos θ

2 sin β
2 sin a+c−α+γ−√

3φ
2 − cos β

2 sin b
2

(cos θ cos a−c+
√

3φ
2 sin α+γ

2 + cos α+γ
2 sin a−c+

√
3φ

2 )

r[6, 6] = cos b
2 cos β

2 cos θ
2 cos a+c+α+γ−√

3φ
2 − sin b

2 sin β
2

(cos α−γ
2 cos θ cos a−c+

√
3φ

2 + sin α−γ
2 sin a−c+

√
3φ

2 )

r[6, 7] = − cos b
2 cos β

2 cos θ
2 sin a+c+α+γ−√

3φ
2 + sin b

2 sin β
2

(cos θ cos a−c+
√

3φ
2 sin α−γ

2 − cos α−γ
2 sin a−c+

√
3φ

2 )

r[6, 8] =
√

3
2 cos a−c+

√
3φ

2 sin b
2 sin θ

r[7, 1] = − sin θ
2

(
cosα cos θ

2 sin b
2 sin β sin a−c+

√
3φ

2

+ cos b
2(cos a+c+2γ−√

3φ
2 sinα + cosα cos β sin a+c+2γ−√

3φ
2 )

)
r[7, 2] = sin θ

2

(− cos θ
2 sin b

2 sinα sin β sin a−c+
√

3φ
2

+ cos b
2(cosα cos a+c+2γ−√

3φ
2 − cos β sinα sin a+c+2γ−√

3φ
2 )

)
r[7, 3] = sin θ

2(cos β cos θ
2 sin b

2 sin a−c+
√

3φ
2 − cos b

2 sin β sin a+c+2γ−√
3φ

2 )

r[7, 4] = − cos b
2 cos θ

2 sin β
2 sin a+c−α+γ−√

3φ
2 + cos β

2 sin b
2

(cos a−c+
√

3φ
2 sin α+γ

2 + cos α+γ
2 cos θ sin a−c+

√
3φ

2 )

r[7, 5] = − cos b
2 cos θ

2 cos a+c−α+γ−√
3φ

2 sin β
2 + cos β

2 sin b
2

(cos θ sin α+γ
2 sin a−c+

√
3φ

2 − cos α+γ
2 cos a−c+

√
3φ

2 )

r[7, 6] = cos b
2 cos β

2 cos θ
2 sin a+c+α+γ−√

3φ
2 + sin b

2 sin β
2

(cos α−γ
2 cos θ sin a−c+

√
3φ

2 − cos a−c+
√

3φ
2 sin α−γ

2 )
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r[7, 7] = cos b
2 cos β

2 cos θ
2 cos a+c+α+γ−√

3φ
2 − sin b

2 sin β
2

(cos α−γ
2 cos a−c+

√
3φ

2 + cos θ sin α−γ
2 sin a−c+

√
3φ

2 )

r[7, 8] = −
√

3
2 sin b

2 sin θ sin a−c+
√

3φ
2

r[8, 1] = −
√

3
2 cosα sin β sin2 θ

2

r[8, 2] = −
√

3
2 sinα sinβ sin2 θ

2

r[8, 3] = −
√

3
2 cos β sin2 θ

2

r[8, 4] =
√

3
2 cos β

2 cos α+γ
2 sin θ

r[8, 5] =
√

3
2 cos β

2 sin α+γ
2 sin θ

r[8, 6] =
√

3
2 cos α−γ

2 sin β
2 sin θ

r[8, 7] = −
√

3
2 sin β

2 sin α−γ
2 sin θ

r[8, 8] = 1 − 3
2 sin2 θ

2
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Appendix G

SU(3) harmonic forms

3-form

N μνλ ψμνλ

1 123 − sin β

2 125 −(1 − 1
2 sin2 θ

2) sin β

3 126 cosβ cos θ
2 sin(a+ γ)

4 127 − cos β cos(a+ γ) cos θ
2 sin b− cos b sinβ(1 − 1

2 sin2 θ
2)

5 128
√

3
2 sin β sin2 θ

2

6 136 cos(a+ γ) cos θ
2 sin β

7 137 cos θ
2 sin b sin β sin(a+ γ)

8 145 −1
4 cos β sin θ

9 146 −1
2 sin β sin(a+ γ) sin θ

2

10 147 1
2

(− cos b cos β cos θ
2 + cos(a+ γ) sin b sin β

)
sin θ

2

11 148 −
√

3
4 cos β sin θ

12 156 cos(a+ γ) cos θ
2 sin β

13 157 cos θ
2 sin b sin β sin(a+ γ)

14 167 − cos β(1 − 1
2 sin2 θ

2) sin b− cos b cos(a+ γ) cos θ
2 sin β

15 236 − cos θ
2 sin(a+ γ)

16 237 cos(a+ γ) cos θ
2 sin b

17 246 −1
2 cos(a+ γ) sin θ

2

18 247 −1
2 sin b sin(a+ γ) sin θ

2

19 256 − cos θ
2 sin(a+ γ)

20 257 cos(a+ γ) cos θ
2 sin b
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21 267 cos b cos θ
2 sin(a+ γ)

22 345 −1
4 sin θ

23 347 −1
4 cos b sin θ

24 348 −
√

3
4 sin θ

25 367 −(1 − 1
2 sin2 θ

2) sin b

26 567 − sin b

5-form

N μνλρσ Υμνλρσ

1 12345
√

3
2 sinβ sin θ

2 12347
√

3
2 cos b sinβ sin θ

3 12348 3
2 sin β sin θ

4 12367 −√
3 sin b sin β sin2 θ

2

5 12456 −
√

3
8 K cos β sin(a+ γ)

6 12457
√

3
8 K cos β cos(a+ γ) sin b

7 12458 − sin β sin θ

8 12467
√

3
8 K cos b cos β sin(a+ γ)

9 12468 1
4 cos β(5 + 3 cos θ) sin(a+ γ) sin θ

2

10 12478 − cos b sinβ sin θ − 1
8 cos β cos(a+ γ) sin b(7 sin θ

2 + 3 sin 3θ
2 )

11 12567 −√
3 sin b sin β sin2 θ

2

12 12568 cosβ cos(a+ γ) sin2 θ
2

13 12578 cosβ cos θ
2 sin b sin(a+ γ) sin2 θ

2

14 12678 (sin b sinβ − cos b cosβ cos(a+ γ) cos θ
2) sin2 θ

2

15 13456 −
√

3
8 K cos(a+ γ) sinβ

16 13457 −
√

3
8 K sin b sin β sin(a+ γ)

17 13467
√

3
8 K cos b cos(a+ γ) sinβ

18 13468 1
4 cos(a+ γ)(5 + 3 cos θ) sin β sin θ

2

19 13478 1
4(5 + 3 cos θ) sin b sinβ sin(a+ γ) sin θ

2

20 13568 − cos θ
2 sin β sin(a+ γ) sin2 θ

2

21 13578 cos(a+ γ) cos θ
2 sin b sinβ sin2 θ

2
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22 13678 cos b cos θ
2 sin β sin(a+ γ) sin2 θ

2

23 14567
√

3
2 cos β sin b sin θ

24 14568 − cos(a+ γ) sinβ sin θ
2

25 14578 − sin b sinβ sin(a+ γ) sin θ
2

26 14678 3(cosβ cos θ
2 sin b+ cos b cos(a+ γ) sinβ) sin θ

2

27 23456
√

3
8 K sin(a+ γ)

28 23457 −
√

3
8 K cos(a+ γ) sin b

29 23467 −
√

3
8 K cos b sin(a+ γ)

30 23468 −1
4(5 + 3 cos θ) sin(a+ γ) sin θ

2

31 23478 1
4 cos(a+ γ)(5 + 3 cos θ) sin b sin θ

2

32 23568 − cos(a+ γ) cos θ
2 sin2 θ

2

33 23578 − cos θ
2 sin b sin(a+ γ) sin2 θ

2

34 23678 cos b cos(a+ γ) cos θ
2 sin2 θ

2

35 24568 sin(a+ γ) sin θ
2

36 24578 − cos(a+ γ) sin b sin θ
2

37 24678 − cos b sin(a+ γ) sin θ
2

38 34567
√

3
2 sin b sin θ

39 34678 1
2 sin b sin θ

where

K = 5 sin
θ

2
+ sin

3θ

2
(G.1)
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