
On evaluations of spectrum and matrix elements of Coxeter-Laplace operators in

vector spaces generated by Young tableaux

D.A. Ashkadov

(St. Petersburg State Polytechnical University)

E-mail address: dmitry.ashkadov@gmail.com

N.N. Vasilyev

(St.Petersburg Department of V.A.Steklov Institute of Mathematics, Russian Acad. of Sci.)

E-mail address: vasiliev@pdmi.ras.ru

We consider Coxeter-Laplace operators in vector spaces generated by all Young tableaux with

some �xed shape. In the case of two column rectangular diagram as the shape this problem is con-

nected to quantum isotropic XXX-Heisenberg model due to well known Bethe ansatz. Dimensions of

corresponded vector spaces are presented by Catalan numbers 1
N+1C

N
2N and are really huge even for

relatively small values of N . We describe corresponded algorithms and software and present some

results about evaluations of maximal eigenvalues and corresponded eigenvectors of these operators,

which are consistent with conjectures about their asymptotic behavior.
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Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñïåêòðà îïåðàòîðîâ Êîêñòåðà-Ëàïëàñà, äåéñòâóþùèõ â

âåêòîðíûõ ïðîñòðàíñòâàõ, ïîðîæäåííûõ âñåìè òàáëèöàìè Þíãà íåêîòîðîé ôèêñèðîâàííîé

ôîðìû. Ñïåêòðàëüíûé àíàëèç ýòèõ îïåðàòîðîâ ñâÿçàí ñ ïîñòðîåíèåì òî÷íûõ ðåøåíèé

óðàâíåíèé, îïèñûâàþùèõ èçîòðîïíóþ ïåðèîäè÷åñêóþ öåïî÷êó N âçàèìîäåéñòâóþùèõ ÷àñòèö

ñ îäèíàêîâûìè ñïèíàìè � òàê íàçûâàåìóþ XXX ìîäåëü Ãåéçåíáåðãà. Ýòà çàäà÷à îêàçûâàåòñÿ

ñâÿçàííîé ñ òåîðèåé ïðåäñòàâëåíèé ñèììåòðè÷åñêîé ãðóïïû è êîìáèíàòîðèêîé òàáëèö

è äèàãðàìì Þíãà ïðè ïîìîùè èçâåñòíîãî àíçàöà Áåòý, îïèñûâàþùåãî ôîðìó òî÷íûõ

ðåøåíèé ýòîé çàäà÷è êâàíòîâîé ìåõàíèêè. Ñîîòâåòñòâóþùèé îïåðàòîð Êîêñòåðà-Ëàïëàñà

ìîæåò áûòü çàïèñàí êàê ñóììà îïåðàòîðîâ, ñîîòâåòñòâóþùèõ êîêñòåðîâñêèì òðàíñïîçèöèÿì.

Ïðåäñòàâëåíèå ñèììåòðè÷åñêîé ãðóïïû èñïîëüçóþùååñÿ â XXX ìîäåëè äåéñòâóåò â âåêòîðíîì

ïðîñòðàíñòâå, ïîðîæäåííîì âñåìè ïðÿìîóãîëüíûìè äâóñòðî÷å÷íûìè òàáëèöàìè Þíãà èç 2N
êëåòîê. Ðàçìåðíîñòü ýòîãî ïðîñòðàíñòâà âûðàæàåòñÿ ÷èñëîì Êàòàëàíà 1

N+1C
N
2N è ðàñòåò

ýêñïîíåíöèàëüíî ñ ðîñòîì N . Ïðè èññëåäîâàíèè ñïåêòðà îïåðàòîðîâ Êîêñòåðà-Ëàïëàñà
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ïðèõîäèòñÿ ðåøàòü çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ â ïðîñòðàíñòâàõ òàêèõ îãðîìíûõ

ðàçìåðíîñòåé. Â îïóáëèêîâàííîé ëèòåðàòóðå î÷åíü ìàëî ñòðîãî äîêàçàííûõ ðåçóëüòàòîâ îá

àñèìïòîòè÷åñêîì ïîâåäåíèè ñïåêòðà ñîîòâåòñòâóþùèõ îïåðàòîðîâ è ìàòðè÷íûõ ýëåìåíòîâ,

ïîýòîìó àêòóàëüíûì ÿâëÿåòñÿ ïðîâåäåíèå âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ, ïîçâîëÿþùèõ

ïðîâåðÿòü ãèïîòåçû î òàêîì àñèìïòîòè÷åñêîì ïîâåäåíèè. Òàêæå èññëåäóþòñÿ îïåðàòîðû,

ñîîòâåòñòâóþùèõ íå òîëüêî ïðÿìîóãîëüíûì äèàãðàììàì, à è äèàãðàììàì ïðîèçâîëüíîé

ôîðìû, íàïðèìåð, äèàãðàììàì ñ ìàêñèìàëüíûì êîëè÷åñòâîì òàáëèö Þíãà èëè æå ñëó÷àéíûì

äèàãðàììàì ñ çàäàííûì ðàñïðåäåëåíèåì. Ýòè âû÷èñëåíèÿ òðåáóþò ïðèâëå÷åíèÿ êàê

ýôôåêòèâíûõ àëãîðèòìîâ äëÿ ðàáîòû ñ ðàçðåæåííûìè ìàòðèöàìè â ïðîñòðàíñòâàõ âûñîêèõ

ðàçìåðíîñòåé òàê è àëãîðèòìîâ, ñâÿçàííûõ ñ îïåðàöèÿìè íàä òàáëèöàìè è äèàãðàììàìè Þíãà

è ìàòðèöàìè îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâàõ, ïîðîæäåííûõ òàáëèöàìè Þíãà.

Áûëè ðàçðàáîòàíû ñïåöèàëüíûå ìåòîäû êîäèðîâàíèÿ òàáëèö, èõ íóìåðàöèè è õðàíåíèÿ â

ïàìÿòè êîìïüþòåðà. Îòìåòèì òàêæå, ÷òî îïåðàòîðû, äëÿ êîòîðûõ ðåøàåòñÿ çàäà÷à íà

ñîáñòâåííûå çíà÷åíèÿ, ñàìè ïî ñåáå íå ÿâëÿþòñÿ ðàçðåæåííûìè, íî, èñïîëüçóÿ èõ ñòðóêòóðó,

îêàçàëîñü âîçìîæíûì âû÷èñëÿòü äåéñòâèå ýòèõ îïåðàòîðîâ íà ëèíåéíûå êîìáèíàöèè òàáëèö.

Âñå ýòî ïîçâîëèëî íàì âû÷èñëÿòü ñîáñòâåííûå âåêòîðû â ïðîñòðàíñòâàõ ñ ðàçìåðíîñòÿìè

äî íåñêîëüêèõ ìèëëèîíîâ. Ðàçðàáîòàííûé ïàêåò ïðîãðàìì äîñòàòî÷íî óíèâåðñàëåí è

ìîæåò èñïîëüçîâàòüñÿ ïðè êîìïüþòåðíîì ìîäåëèðîâàíèè äðóãèõ çàäà÷ àñèìïòîòè÷åñêîé

êîìáèíàòîðèêè è òåîðèè ïðåäñòàâëåíèé.
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