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Îöåíêà ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ ñíèçó

Ñèñòåìû ñ ãàéçåíáåðãîâñêèì âçàèìîäåéñòâèåì

Òèïè÷íûé Ãàìèëüòîíèàí:∑
<i ,j>

(σiσj)

< i , j > - ñîñåäíèå ÷àòèöû â ðåø¼òêå

Ñêàëÿðíîå ïðîèçâåäåíèå:

(σ1σ3) = (σ3σ1) = σα1 ⊗ 12 ⊗ σα3 ⊗ 14 ⊗ 15
Ñìåøàííîå ïðîèçâåäåíèå

(σ1σ3σ4) = εαβγ × σα1 ⊗ 12 ⊗ σβ3 ⊗ σ
γ
4 ⊗ 15

α, β, γ ∈ {x , y , z}
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Îöåíêà ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ ñíèçó ÷åðåç ýíåðãèþ îñíîâíîãî ñîñòîÿíèÿ ïîäñèñòåì

Îöåíêà ÷åðåç ýíåðãèþ îñíîâíîãî ñîñòîÿíèÿ ïîäñèñòåì

H =
∑
i

Hi ⇒ Egs >
∑
i

Egs i

Äëÿ êâàäðàòíîé ðåøåòêè, êîòîðóþ

ìîæåì çàìîñòèòü îäèíàêîâûìè êëàñòåðàìè:

Egs/N >
2

M
EgsC

ãäå Egs/N - ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ ðåøåòêè, ïðèõîäÿùàÿñÿ íà 1

ñïèí

M - ÷èñëî ñâÿçåé â êëàñòåðå
EgsC - ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ êëàòåðà

R. Tarrah, R. Valenti (1990)

Exact lover bounds to the ground state of spin systems: The two-dimensional
S = 1

2
antiferromagnetic Geisenberg model

Physical rewiew B , 1990.

Ôèëèïï Óñêîâ (Ñêîëòåõ) Àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ σ-ìàòðèö 2 äåêàáðÿ 2017 ã. 4 / 20



Îöåíêà ýíåðãèè îñíîâíîãî ñîñòîÿíèÿ ñíèçó ÷åðåç âàðèàöèîííûé ìåòîä

Îöåíêà ÷åðåç âàðèàöèîííûé ìåòîä

Äëÿ êâàäðàòíîé ðåøåòêè, êîòîðóþ

ìîæåì çàìîñòèòü îäèíàêîâûìè êëàñòåðàìè:

Egs/N >
2

M
min
ρc

trHcρc

ãäå Egs/N - ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ

ñèñòåìû, ïðèõîäÿùàÿñÿ íà 1 ñïèí

M - ÷èñëî ñâÿçåé â êëàñòåðå

Hc , ρc - ãàìèëüòîíèàí è ìàòðèöà ïëîòíîñòè êëàòåðà

David A. Mazziotti

Advances in Chemical Physics, Reduced-Density-Matrix Mechanics: With
Application to Many-Electron Atoms and Molecules

Volume 134. Wiley-Interscience, 1 edition., 2007.
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áàçèñ ìàòðèö ïëîòíîñòè Ó÷åò ñèììåòðèé è ñîçäàíèå áàçèñà

Ó÷åò ñèììåòðèé è ñîçäàíèå áàçèñà

ò.ê. ãàìèëüòîíèàí îáëàäàåò âðàùàòåëüíîé ñèììåòðèåé, òî ìàòðèöà

ïëîòíîñòè òîæå äîëæíà áûòü âðàùàòåëüíî èíâàðèàíòíà

à çíà÷èò äîëæíà ñîñòîÿòü èç ñêàëÿðíûõ è ñìåøàííûõ

ïðîèçâåäåíèé σ-ìàòðèö
ò.ê. ãàìèëüòîíèàí îáëàäàåò ñèììåòðèåé îáðàùåíèÿ ïî âðåìåíè

T [H] = H, è T [σ] = −σ
òî ìàòðèöà ïëîòíîñòè äîëæíà ñîñòîÿòü òîëüêî èç ñêàëÿðíûõ

ïðîèçâåäåíèé σ-ìàòðèö

ρ =
1

2N
(1 + ai ,j(σiσj) + bi ,j ,k,l(σiσj)(σkσl) + ...)

Òàêæå ìîæíî ââåñòè ñêàëÿðíîå ïðîèçâåäåíèå íà ýòîì áàçèñå:

(A,B) = trAB, A+ = A, tr(a⊗ b ⊗ c) = (tra)(trb)(trc)
òîãäà áàçèñ ìîæíî íàçâàòü îðòîãîíàëüíûì (ïî÷òè)
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áàçèñ ìàòðèö ïëîòíîñòè Ó÷åò ñèììåòðèé è ñîçäàíèå áàçèñà

Ëèíåéíàÿ íåçàâèñèìîñòü ýëåìåíòîâ áàçèñà

(σ1σ2)(σ3σ4) (σ1σ3)(σ2σ4) = 3− 2(σ1σ2)− 2(σ1σ3) + 2(σ1σ4) + 2(σ2σ3)−
−2(σ2σ4) + (σ1σ3)(σ2σ4)− 2(σ3σ4) + (σ1σ2)(σ3σ4)+

+i(σ1σ2σ3)− i(σ1σ2σ4) + i(σ1σ3σ4)− i(σ2σ3σ4)

A = (σ1σ2)(σ3σ4)

B = (σ1σ3)(σ2σ4)

C = (σ1σ4)(σ2σ3)

(AA) (AB) (AC )
(BA) (BB) (BC )
(CA) (CB) (CC )

 =

9 3 3
3 9 3
3 3 9

 > 0
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áàçèñ ìàòðèö ïëîòíîñòè Ó÷åò ñèììåòðèé è ñîçäàíèå áàçèñà

Ëèíåéíàÿ íåçàâèñèìîñòü ýëåìåíòîâ áàçèñà

(σ1σ4)(σ2σ5)(σ3σ6)

(σ1σ4)(σ2σ6)(σ3σ5)

(σ1σ5)(σ2σ4)(σ3σ6)

(σ1σ5)(σ2σ6)(σ3σ4)

(σ1σ6)(σ2σ4)(σ3σ5)

(σ1σ6)(σ2σ5)(σ3σ4)

(σ1σ3)(σ2σ5)(σ4σ6)

(σ1σ3)(σ2σ6)(σ4σ5)

(σ1σ5)(σ2σ3)(σ4σ6)

(σ1σ6)(σ2σ3)(σ4σ5)

(σ1σ3)(σ2σ4)(σ5σ6)

(σ1σ4)(σ2σ3)(σ5σ6)

(σ1σ2)(σ3σ5)(σ4σ6)

(σ1σ2)(σ3σ6)(σ4σ5)

(σ1σ2)(σ3σ4)(σ5σ6)



27 9 9 3 3 9 9 3 3 3
9 27 3 9 9 3 3 9 3 3
9 3 27 9 9 3 3 3 9 3
3 9 9 27 3 9 3 9 9 3
3 9 9 3 27 9 3 3 3 9
9 3 3 9 9 27 9 3 3 9
9 3 3 3 3 9 27 9 9 3
3 9 3 9 3 3 9 27 3 9
3 3 9 9 3 3 9 3 27 9
3 3 3 3 9 9 3 9 9 27
3 3 9 3 9 3 9 9 3 3
9 9 3 3 3 3 3 3 9 9
3 9 3 3 9 3 9 3 9 3
9 3 9 3 3 3 3 9 3 9
3 3 3 9 3 9 3 3 3 3





3 9 3 9 3
3 9 9 3 3
9 3 3 9 3
3 3 3 3 9
9 3 9 3 3
3 3 3 3 9
9 3 9 3 3
9 3 3 9 3
3 9 9 3 3
3 9 3 9 3
27 9 3 3 9
9 27 3 3 9
3 3 27 9 9
3 3 9 27 9
9 9 9 9 27



> 0
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áàçèñ ìàòðèö ïëîòíîñòè Ó÷åò ñèììåòðèé è ñîçäàíèå áàçèñà

Ëèíåéíàÿ çàâèñèìîñòü ýëåìåíòîâ áàçèñà

(σ1σ2)(σ3σ4σ5)

(σ1σ3)(σ2σ4σ5)

(σ1σ4)(σ2σ3σ5)

(σ1σ5)(σ2σ3σ4)

(σ2σ3)(σ1σ4σ5)

(σ2σ4)(σ1σ3σ5)

(σ2σ5)(σ1σ3σ4)

(σ3σ4)(σ1σ2σ5)

(σ3σ5)(σ1σ2σ4)

(σ4σ5)(σ1σ2σ3)



18 6 −6 6 6 −6 6 0 0 0
6 18 6 −6 6 0 0 −6 6 0
−6 6 18 6 0 6 0 −6 0 6
6 −6 6 18 0 0 6 0 −6 6
6 6 0 0 18 6 −6 6 −6 0
−6 0 6 0 6 18 6 6 0 −6
6 0 0 6 −6 6 18 0 6 −6
0 −6 −6 0 6 6 0 18 6 6
0 6 0 −6 −6 0 6 6 18 6
0 0 6 6 0 −6 −6 6 6 18


> 0
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áàçèñ ìàòðèö ïëîòíîñòè Óìíîæåíèå ýëåìåíòîâ áàçèñà

àëãîðèòì ñèìâ. óìíîæåíèÿ ÷åðåç òîæäåñòâî Ïàóëè

ðåàëèçîâàí íà wolfram mathematica è nikhef form

âõîäíûå è âûõîäíûå äàííûå çàäàþòñÿ â âèäå:

(σiσj) = d(i , j) (σiσjσk) = t(i , j , k)
(ïîäðàçóìåâàåòñÿ, ÷òî ðàçíûå ñïèíîâûå èíäåêñû íå ìîãóò áûòü ðàâíû)

1 d(i , j)→ σ(i , α)σ(j , α) t(i , j , k)→ ε(α, β, γ)σ(i , α)σ(j , β)σ(k, γ)
2 σ-ìàòðèöû ñ ðàçíûìè ñïèíîâûìè èíäåêñàìè êîììóòèðóþò, òàê

÷òî ìû ìîæåì èõ ñòàáèëüíî îòñîðòèðîâàòü: íàïðèìåð

(σ(1, µ)σ(3, µ))(σ(1, α)σ(3, β)σ(6, γ)ε(α, β, γ) =

= σ(1, µ, α)σ(3, µ, β)σ(6, γ)ε(α, β, γ)

3 σ(i , α, β, γ) = σαi σ
β
i σ

γ
i . Òåïåðü ìîæíî ïðèìåíèòü òîæäåñòâî Ïàóëè:

σ(i , α, β, γ, ...)→ δ(α, β)σ(i , γ, ...) + iε(α, β, µ)σ(i , µ, γ, ...)

4 òåïåðü âñå σ-ìàòðèöû êîììóòèðóþò, ìîæíî óïðîñòèòü δ è ε
ñèìâîëû è âûäåëèòü d(i , j) è t(i , j , k)
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áàçèñ ìàòðèö ïëîòíîñòè Óìíîæåíèå ýëåìåíòîâ áàçèñà

àëüòåðíàòèâíûå áàçîâûå ñîîòíîøåíèÿ

êîòîðûå ìîæíî ïðèìåíûòü ðåêóðñèâíî:

(σ1σ2)
2 = 3 − 2(σ1σ2) (1)

(σ1σ2)(σ2σ3) = − i(σ1σ2σ3) + (σ1σ3) (2)

(σ1σ2)(σ1σ2σ3) = − (σ1σ2σ3) − 2i(σ1σ3) + 2i(σ2σ3) (3)

(σ1σ2σ3)(σ1σ2) = − (σ1σ2σ3) + 2i(σ1σ3) − 2i(σ2σ3) (4)

(σ1σ2)(σ2σ3σ4) = (σ1σ3σ4) − i(σ1σ3)(σ2σ4) + i(σ1σ4)(σ2σ3) (5)

(σ2σ3σ4)(σ1σ2) = (σ1σ3σ4) + i(σ1σ3)(σ2σ4) − i(σ1σ4)(σ2σ3) (6)

(σ1σ2σ3)
2 = 6 − 2(σ1σ2) − 2(σ1σ3) − 2(σ2σ3) (7)

(σ1σ2σ3)(σ1σ2σ4) = + i(σ1σ3σ4) + i(σ2σ3σ4)

− (σ1σ3)(σ2σ4) − (σ1σ4)(σ2σ3) + 2(σ3σ4) (8)

(σ1σ2σ3)(σ1σ4σ5) = − i(σ1σ2)(σ3σ4σ5) + i(σ1σ3)(σ2σ4σ5)

+ (σ2σ4)(σ3σ5) − (σ2σ5)(σ3σ4) (9)
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Óðàâíåíèå Øðåäèíãåðà â âèäå Hρ = Eρ

Óðàâíåíèå Øðåäèíãåðà â âèäå Hρ = Eρ [2]

Ðàññìîòðèì ïðèìåð èç 3 ÷àñòèö

H = (σ1,σ2) + (σ2,σ3)

Ãàìèëüòîíèàí îáëàäàåò äîïîëíèòåëüíîé ñèììåòðèåé: 1↔ 3

ρ =
1

8

(
1 + a

(
(σ1,σ2) + (σ2,σ3)

)
+ b(σ1,σ3)

)
Lychkovskiy, Oleg and Gamayun, Oleksandr and Cheianov, Vadim (2017)

Time Scale for Adiabaticity Breakdown in Driven Many-Body Systems and
Orthogonality Catastrophe

Phys. Rev. Lett. 119, 200401 (2017).
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Óðàâíåíèå Øðåäèíãåðà â âèäå Hρ = Eρ

ïðèìåð ñ òðåìÿ ÷àñòèöàìè

Hρ =
1

8
((σ1,σ2) + (σ2,σ3))(1 + a((σ1,σ2) + (σ2,σ3)) + b(σ1,σ3)) =

=
1

8
(6a+ (1 + b − 2a)(σ1,σ2) + 2a(σ1,σ3) + (1 + b − 2a)(σ2,σ3)) =

=
1

8
(E + Ea(σ1,σ2) + Ea(σ2,σ3) + Eb(σ1,σ3)) = Eρ

ïîëó÷àåòñÿ ñèñòåìà èç òðåõ
êâàäðàòíûõ óðàâíåíèé

6a− E = 0

1− 2a+ b − aE = 0

2a− bE = 0

Ðåøåíèå:


a = − 1

2

b = 1
3

E = −4


a = 0

b = −1
E = 0


a = 1

3

b = 1
3

E = 2
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Óðàâíåíèå Øðåäèíãåðà â âèäå Hρ = Eρ

Ïðèìåíÿåì äëÿ êëàñòåðà

Egs/N > −3
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Óðàâíåíèå Øðåäèíãåðà â âèäå Hρ = Eρ

Àëãîðèòì ãåíåðàöèè ρ

... ñ ó÷åòîì ñèììåòðèé ãàìèëüòîíèàíà - áûë ðåàëèçîâàí íà wolfram

mathematica
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êâàäðàòè÷íàÿ ïàðàìåòðèçàöèÿ è ïîèñê ìèíèìóìà

Êâàäðàòè÷íàÿ ïàðàìåòðèçàöèÿ

Äëÿ ïîèñêà minρ trHcρc ÷òîáû óäîâëåòâîðèòü òðåáîâàíèÿì

ρc ≥ 0, trρc = 1, ρ†c = ρc

èñïîëüçóåòñÿ êâàäðàòè÷íàÿ ïàðàìåòðèçàöèÿ

ρc =
τ2

trτ2

N. Il'in, E. Shpagina, F. Uskov, O. Lychkovskiy

Squaring parametrization of constrained and unconstrained sets of quantum states.

arXiv:1704.03861.
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êâàäðàòè÷íàÿ ïàðàìåòðèçàöèÿ è ïîèñê ìèíèìóìà

ïðèìåð âàð. ïðèíöèïà è êâ. ïàðàìåòðèçàöèè

ñ ó÷åòîì ñèììåòðèé ðåøåòêè

τ = 1+

a1((σ1,σ5) + (σ2,σ5) + (σ3,σ5) + (σ4,σ5))+

a2((σ1,σ3) + (σ2,σ4))+

a3((σ1,σ2) + (σ2,σ3) + (σ3,σ4) + (σ4,σ1))+

b1((σ1,σ5)(σ2,σ3) + (σ1,σ5)(σ4,σ3) + (σ2,σ5)(σ3,σ4) + (σ2,σ5)(σ1,σ4)+

+(σ3,σ5)(σ4,σ1) + (σ3,σ5)(σ2,σ1) + (σ4,σ5)(σ1,σ2) + (σ4,σ5)(σ3,σ2))+

b2((σ1,σ2)(σ3,σ4) + (σ2,σ3)(σ4,σ1))+

b3(σ1,σ3)(σ2,σ4)+

b4((σ1,σ5)(σ2,σ4) + (σ2,σ5)(σ1,σ3) + (σ3,σ5)(σ2,σ4) + (σ4,σ5)(σ1,σ3))
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ïðèìåð âàð. ïðèíöèïà è êâ. ïàðàìåòðèçàöèè

trHcρc =

(24a1 − 24a21 + 24a1a2 + 48a1a3 + 48a2b1 + 192a3b1 − 192b21 + 192b1b2+

48b1b3 + 72a2b4 + 48a3b4 − 96b1b4 + 48b2b4 + 72b3b4 − 72b24)

1 + 12a21 + 6a22 + 12a23 + 96b21 + 24b22 + 12b2b3 + 9b23 + 48b1b4 + 36b24

NMinimize →

{
−6.,


a1 → −0.5, a2 → 0.333333,

a3 → 0.333333,

b1 → −0.1, b2 → 0.0666667,

b3 → 0.0666667, b4 → −0.1

}
⇒ Egs/N > −3

Òå æå ðåçóëüòàòû áûëè ïîëó÷åíû ÷åðåç óðàâíåíèå Øðåäèíãåðà.

Ìû îæèäàåì, ÷òî ýòîò ìåòîä ïðåâçîéäåò ìåòîä ÷åðåç ÓØ.
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