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Abstract. In the present paper which is an extended version of paper [1] we
consider a Mathematica-based package for simulation of quantum circuits. It
provides a user-friendly graphical interface to specify a quantum circuit, to
draw it, and to construct the unitary matrix for quantum computation defined
by the circuit. The matrix is computed by means of the linear algebra tools
built-in Mathematica. For circuits composed from the Toffoli and Hadamard
gates the package can also output the corresponding multivariate polynomial
system over F2 whose number of solutions in F2 determines the circuit matrix.
Thereby the matrix can also be constructed by applying to the polynomial
system the Gröbner basis technique based on the corresponding functions
built-in Mathematica. We illustrate the package and the method used by a
number of examples.

1 Introduction

Quantum computations is a topic of great interest for the last two decades. One rea-
son for this is a potential ability of a quantum computer to do certain computational
task much more efficiently than can be done by any classical computer [2, 3]. Two
the most famous examples of such calculations are Shor’s algorithm [4] for efficient
factorization of large integers and Grover’s algorithm [5] of element search in an un-
sorted list. Nevertheless, despite of considerable efforts in the quantum computing
community, the number of such efficient quantum algorithms which have been dis-
covered still remains rather small. By this reason a search for other problems which
may be efficiently solved with a quantum computer and developing the correspond-
ing quantum algorithms, as well as the physical question of the feasibility of building
a quantum computer, is a very topical direction of present-day investigations.
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Since realistic quantum computers have not yet been built, it is worthwhile to sim-
ulate quantum computation on a classical computer, and there is quite a number of
such simulators (see, for example, [6, 7]). Among two equivalent models of quantum
computation – quantum Turing machine and the circuit model – the last one is more
convenient both for simulation and application [2].

The circuit model of computation was introduced first for a classical computer
that can be considered as an electrical circuit made up of wires and logical gates.
The wires are used to carry information around the circuit, while the logic gates
perform manipulations of the information, converting it from one form to another.
Note that inside a classical computer any information is encoded into a sequence of
bits which are the elementary units of information. And any complex logic operation
can be represented as an ordered sequence of some elementary logic gates which act
on single bits or pairs of bits. Using special notation for these gates, one can easily
visualize a circuit and clearly show a structure of computations. Thus, the circuit
model turned out to be very convenient and realistic for many applications and is
widely used in computer science.

In the present paper we use the computer algebra system Mathematica [8] for
simulation of quantum computation and develop a package which provides a user-
friendly graphical interface to specify a quantum circuit, to draw the circuit specified,
and to construct a unitary 2n×2n matrix U defined by the circuit with n qubits. In
section 2 we discuss general structure of an arbitrary quantum circuit and introduce
the basic logical gates commonly used in the quantum circuit model. In section 3
we describe an algorithm for the quantum circuits generation with Mathematica.
And in section 4 we develop an algorithm for computing the unitary matrix defined
by the circuit and implement it with Mathematica. In section 5 circuits of special
type are considered which are composed from the Hadamard and Toffoli gates only.
If a circuit is of this type our Mathematica package can generate the system of
polynomial equations over F2 whose solution space in F2 uniquely determines the
circuit matrix [9]. We show in section 6 how the built-in Mathematica Gröbner bases
module can be used to to construct the circuit matrix in terms of the polynomial
system. Throughout the paper we illustrate the methods used and the package by
simple examples.

2 Structure and basic elements

of quantum circuits

The circuit model is easily transferred to quantum computations by means of creat-
ing quantum analogues for the basic components of a classical computer [2]. Quan-
tum information is represented as a sequence of quantum bits or qubits which are the
elementary units of quantum information. A qubit is a two-level quantum system
that can be prepared, manipulated and measured in a controlled way. The state
of a qubit is denoted as |a〉 corresponding to standard Dirac notation for quantum
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mechanical states. Two possible states for a qubit are usually denoted as |0〉 and
|1〉, which correspond to the states 0 and 1 for a classical bit. But in contrast to
classical bits, qubit as a quantum system may exist not only in one of the states |0〉
or |1〉 but also in the state |a〉 being a superposition of these states

|a〉 = α|0〉+ β|1〉 , (1)

where α and β are complex numbers constrained by the normalization condition
|α|2 + |β|2 = 1. Thus, the state of a qubit is represented by the vector (1) in the
two-dimensional complex vector space, where the special states |0〉 and |1〉 form an
orthonormal basis and are known as computational basis states [2].

A set of n qubits forms a quantum memory register, where the input data and
any intermediate results of computations are held. It is shown on diagrams as a
column of states of the form |aj〉 (j = 1, 2, ..., n) from which quantum wires start.
Although a quantum circuit doesn’t contain any wires as such, the term ”wires” is
merely used to show evolution of qubits acted on by various quantum gates. General
structure of any quantum circuit can be readily understood from Fig. 1, where a very
simple quantum circuit containing two qubits and two quantum gates is depicted.

Èa1\

Èa2\

Èb1\

Èb2\

H

Figure 1: A simple quantum circuit

The circuit is to be read from left-to-right. It means that a column of two qubits
|a1〉 and |a2〉 in the left-hand side of the diagram in Fig. 1 corresponds to the initial
state of quantum register. Then it is successively acted on by two quantum gates
and its final state is shown on the right-hand side of the diagram as the column
of qubits |b1〉 and |b2〉. Note that a quantum circuit containing more qubits and
quantum gates can be built in a similar way.
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Figure 2: Single-qubit gates

As in the case of classical computation, there are two groups of the elementary
quantum gates which perform manipulation of quantum information. The first group
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consist of the single-qubit gates. Such gates have only one input and one output
wires and are depicted by some capital letter placed into a square. Following to [2],
we’ll use here only six non-trivial single-qubit quantum gates which are shown in
Fig. 2 together with their matrix representation with respect to the computational
basis states. Using this set of single-qubit matrices one can construct any operation
on a single qubit. Note that the matrix of any single-qubit gate shows how the gate
acts on the states of the computational basis, for example,

H|0〉 =
1√
2
(|0〉+ |1〉) , H|1〉 =

1√
2
(|0〉 − |1〉) . (2)

The second group of elementary quantum gates consists of the gates acting on
two and more qubits, i.e., the multi-qubit gates. Let us consider first two-qubit
quantum gates. Remember that the state of one qubit is represented by the vector
(1) in the two-dimensional complex vector space with the basis vectors |0〉 and |1〉.
Hence, the state of the system of two independent qubits may be determined as a
direct (tensor) product of two two-dimensional spaces associated with each qubit.
Such a space has four basis vectors

|0〉1 ⊗ |0〉2 ≡ |00〉 , |0〉1 ⊗ |1〉2 ≡ |01〉 ,

|1〉1 ⊗ |0〉2 ≡ |10〉 , |1〉1 ⊗ |1〉2 ≡ |11〉 , (3)

where the symbol ⊗ denotes a direct product of basis states associated with the first
(|0〉1, |1〉1) and the second (|0〉2, |1〉2) qubits. Thus, the system of two qubits has a
four-dimensional space of states with computational basis states (3), an arbitrary
state of such a system may be represented as superposition of the form

|ψ〉 = α|00〉+ β|01〉+ γ|10〉+ δ|11〉 , (4)

where coefficients α, β, γ, δ are complex numbers constrained by the normalization
condition |α|2 + |β|2 + |γ|2 + |δ|2 = 1. Hence, any two-qubit quantum gate can be
represented as a 4× 4 matrix in the computational basis states (3).

One of the useful two-qubit gates is a controlled-NOT or CNOT gate, its graph-
ical and matrix representation is shown in Fig. 3. This gate has two input qubits,
known as the control qubit (|a1〉 with black dot on the corresponding wire) and the
target qubit (|a2〉 marked with the sign ⊕). It flips the state of the target qubit if
the control qubit is in the state |1〉 and does nothing if the control qubit is in the
state |0〉. In other words, if the control qubit is in the state |1〉 the Pauli-X gate
is applied to the target qubit. Other controlled gates shown in Fig. 3 act similarly
as the CNOT gate: if the control qubit is in the state |1〉 then the corresponding
Z, S or T gate is applied to the target qubit, otherwise the target qubit is left
alone. Another example of the two-qubit gate is the SWAP gate (see Fig. 3) which
interchanges the states of two input qubits.

The set of six single-qubit gates shown in Fig. 2 together with the CNOT-gate
is a universal set of gates [2]. It means that any quantum computation can be
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Figure 3: Controlled two-qubit gates and swap gate

decomposed in terms of this set gates. In practice, however, there may be more
specialized quantum gates that would enable us to construct more compact circuits
for specific computations, some of them are shown in Fig. 3. We’ll use also the
Toffoli gate (Fig. 4) or controlled-controlled-gate [2]. It can be considered as a
generalization of CNOT-gate and has three input qubits and three output qubits:
two of them are the control qubits and one is the target qubit. And it flips the state
of the target qubit only if both control qubits are in the state |1〉. Note that other
two-qubit gates in Fig. 3 may be generalized to the three-qubit gates in a similar
way.

Toffoli gate
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Figure 4: Toffoli gate
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3 Building of quantum circuits

Before describing an algorithm for generating quantum circuits let us note that any
quantum circuit may be represented as a rectangular table. The number of rows
in the table is equal to the number of qubits in the circuit, while the number of
columns depends on the number of quantum gates and their arrangement. Con-
sider, for example, a quantum circuit containing three qubits and six quantum gates
(see diagram in the left-hand side of Fig. 5). Drawing dashed lines, we can sepa-
rate neighboring rows and columns in the table in such a way that each of its cell
would contain some elementary gate (wires without any gates can be considered as
the identity quantum gates, i.e., the gates making identical transformation of the
corresponding qubits).

Èa1\

Èa2\

Èa3\

Èb1\

Èb2\

Èb3\

S

H T

Z

�

Èa1\

Èa2\

Èa3\

Èb1\

Èb2\

Èb3\

H

S

T

Z

Figure 5: Table representation of the quantum circuit

Obviously, we can shift the S-gate to the second column in the table without any
disturbance of the circuit. Then the first column will contain only three identity
gates and it can be removed from the table. Hence, two diagrams in Fig. 5 represent
the same circuit but the table in the right-hand side is smaller and simpler. In
general, drawing the circuit, we’ll adhere the following convention: each column
in the table can contain either one multi-qubit gate or only single-qubit gates and
there are not any neighboring columns containing only single-qubit gates acting on
different qubits. Note, that according to this convention, we can not shift the Pauli-Z
gate in Fig. 5 to the last column because it would turn out to be in the same column
together with multi-qubit CNOT gate.

Thinking of any quantum circuit as a table of elementary quantum gates, we can
define a matrix whose elements are some symbols, denoting the gates, and this ma-
trix will contain all information on the circuit. An example of such matrix is shown
in Fig. 6, where C and X correspond to the control and target qubits, respectively
(the symbols corresponding to the single-qubit gates are obvious). Obviously, this
matrix completely determines the structure of the quantum circuit.

In our Mathematica package we just use such matrix representation for quantum
circuits and define the function circuit[mat ?MatrixQ] which generates the quan-
tum circuit, corresponding to any given matrix mat. It is quite cumbersome and we
do not describe it here. Of course, before evaluating this function, we should choose
a set of symbols, denoting different quantum gates, and define the functions, deter-
mining the corresponding graphical objects. One possible function, generating the
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Figure 6: Matrix representation of the quantum circuit

Hadamard gate, is shown in Fig. 7 (the corresponding expression is written in Math-
ematica code). Here the integers yy, xx correspond to the row and column numbers,

hadamardGate@yy_, xx_D := Block@ 8x, y<,

x = 0.1 Hxx - 1L; y = 0.1 H1 - yyL;

8 Line@88x, y<, 8x + 0.025, y<<D,

Line@88x + 0.075, y<, 8x + 0.1, y<<D,

Line@88x + 0.025, y - 0.025<, 8x + 0.025, y + 0.025<,

8x + 0.075, y + 0.025<, 8x + 0.075, y - 0.025<,

8x + 0.025, y - 0.025<<D, Text@

StyleForm@"H", FontFamily ® "Times", FontSize ® 18,

FontWeight ® "Bold"D, 8x + 0.05, y - 0.003<D< D

Figure 7: Function generating the Hadamard gate

respectively, and determine the position of the Hadamard gate in the matrix mat.
Note that other single-qubit gates are defined in a similar way.

Then we define a function matrixGenerating which generates a cell, contain-
ing two Mathematica expressions: the matrix mat with given number of rows and
columns all of its elements are equal to 1 and function circuit[mat] (Fig. 8).

mat =
i

k

jjjjjj

1 1 1 1
1 1 1 1
1 1 1 1

y

{

zzzzzz
; circuit@matD

Figure 8: Function for generating the quantum circuits

Now, in order to generate a quantum circuit, it is sufficient to change units in the
matrix mat by symbols, corresponding to constituent quantum gates, and evaluate
the cell. If the matrix mat in Fig. 8 has been changed in such a way that it would
coincide with the matrix given in Fig. 6, for example, then, as a result, we obtain
the circuit shown in Fig. 6 as a result. It should be noted that, using the functions
matrixGenerating and circuit, we can generate any quantum circuit.
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4 Computing the circuit matrix

A system of n qubits has 2n basis states of the form |a1a2 . . . an〉, where aj = 0, 1 (j =
1, . . . , n). They are obtained as direct product of basis states (|0〉j, |1〉j) associated
with all n qubits [2]. In the case of n = 2 the corresponding basis states have been
written in (3). Hence, the unitary matrix U defined by the quantum circuit with n
qubits may be represented as a 2n × 2n matrix with respect to these basis states.

As the circuit is read from left-to-right and we use the matrix mat to represent
the circuit, then the matrix U can be written as the following product

U = UmUm−1 . . . U1 , (5)

where Uj (j = 1, 2, . . . , m) is the 2n×2n matrix defined by the quantum gates being
in the jth column of the matrix mat and m is a number of columns.

If the column contains only single-qubit gates then its matrix Uj may be con-
structed as a direct product of all 2 × 2 matrices corresponding the gates available
in this column. For example, the first column of the matrix in Fig. 6 contains
Hadamard (H), phase (S) and identity gates (matrices of H and S gates are shown
in Fig. 2 while the matrix of the identity gate is just the 2 × 2 unity one). Then
the matrix U1 defined by this column is determined by the following Mathematica
command

Fold[BlockMatrix[Outer[Times, #1, #2]]&, {{1}}, {matH, matS, matI}]

where matH, matS, matI are the matrices of the corresponding gates.

gateCN@n_, kn_, kc_?ListQD :=

Block@ 8basisOld, basisNew, u0, rules<,

basisOld =

Table@IntegerDigits@j, 2, nD, 8j, 0, 2n - 1<D;

basisNew = Map@ReplacePart@#,

Mod@Apply@Times, #PkcTD + #PknT, 2D,

knD &, basisOld, 1D;

rules = Table@8Position@basisNew, basisOldPjT DP

1, 1T, j< ® 1, 8j, 2n<D;

u0 = SparseArray@rules, 82n, 2n<D ;

u0 D

Figure 9: Function for computing the matrix of CNOT and Toffoli gates

Matrices defined by the multi-qubit gates can not be, in general, found as direct
product of some 2 × 2 matrices and we need to compute them separately. For
example, the function gateCN [n , kn , kc ?ListQ] shown in Fig. 9 computes the
2n×2n matrix Uj corresponding to CNOT and Toffili gates. It has three arguments:
integer n, the number of qubits in the circuit; number kn and the list of numbers
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gateCN@3, 3, 81, 2<D ®

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjj

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzz

Figure 10: Matrix corresponding to the Toffoli gate

kc determine position of the target qubit and the controlled qubits, respectively.
To compute the matrix corresponding to the Toffoli gate we have to evaluate the
function gateCN [3, 3, {1, 2}] (see Fig. 10). The matrix defined by the last column
of mat shown in Fig. 6 is computed by the command gateCN [3, 1, {2}]. Similarly,
one can compute matrices corresponding to other controlled gates.
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Figure 11: Matrix defined by the circuit of Fig. 6

As soon as all matrices defined by the columns of the primary matrix mat are
computed, we can evaluate the matrix U defined by the corresponding quantum
circuit. This task is fulfilled by the function matrixU [mat ?MatrixQ], whose ar-
gument is just the matrix mat which we use to define a quantum circuit. For the
circuit shown in Fig. 6 the corresponding matrix U given in Fig. 11.

In order to demonstrate that with the package developed we can easily simulate
any quantum circuit, let us consider the circuit for a 3 qubit quantum Fourier
transformation [2]. To generate this circuit and compute its unitary matrix U we
have to evaluate the following Mathematica commands. First of all, we generate a
skeleton 3× 7 matrix with the function matrixGenerating (see Fig. 12).

mat =
i

k

jjjjjj

1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1

y

{

zzzzzz
; circuit@matD

Figure 12: A skeleton 3× 7 matrix

Then we replace some units in the matrix mat according to the algorithm of quantum

9



Fourier transformation [2] (see Fig. 13) and evaluate the function circuit[mat]. As
a result, the corresponding quantum circuit is obtained as output.

mat =
i

k

jjjjjj

H S T 1 1 1 SW
1 C 1 H S 1 1
1 1 C 1 C H SW

y

{

zzzzzz
; circuit@matD
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Figure 13: Circuit for 3 qubit quantum Fourier transform

At last, we evaluate the function matrixU [mat] and obtain the matrix U (see
Fig. 14) defined by the circuit of Fig. 13 (cf. [2]).
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Figure 14: Matrix defined by the circuit of Fig. 13

5 Polynomial equations describing circuits built

from Hadamard and Toffoli gates

If a circuit contains only the Toffoli and Hadamard gates, then one can construct
its circuit matrix by the alternative method [9, 10] that does not use the above
considered method based on the straightforward linear algebra. Instead, the al-
ternative method exploits algebra of multivariate polynomials associated with the
circuit. With all this going on, it should be noted that the Toffoli and Hadamard
gates form a universal gate set [11], and there is famous Soloway-Kitaev algorithm
and implementing it software [2, 12, 13] for conversion of circuits composed from
other gates.
To construct the system of multivariate polynomials one can apply the quantum-
mechanical Feynman’s sum-over-paths approach to a quantum circuit [9]. This
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means for every path any quantum gate in the circuit under consideration acts as its
classical counterpart. In so doing, the classical gate for the quantum Haramard gate
outputs the path variable x ∈ F2 [9] irrespective of the input. Its value determines
one of the two possible paths of computation. Thereby, the classical Hadamard gate
acts as

a1 7→ x , ai, x ∈ F2 ,

whereas the classical Toffoli gate acts as

(a1, a2, a3) 7→ (a1, a2, a3 ⊕ a1a2)

where ⊕ denotes addition modulo 2.
Let us now consider example [9] of the 3 qubit circuit built of the Hadamard and

Toffoli. Again we generate, first, the 3× 4 matrix corresponding to the example by
means of the function matrixGenerating as shown in Fig. 15:

mat =
i

k

jjjjjj

H C H N
H C 1 C
1 N H C

y

{

zzzzzz
; circuit@matD

Figure 15: 3× 4 matrix generating the example from [9]

It outputs the circuit of Fig.16

a1

a2

a3

b1

b2

b3

H

H

H

H

Figure 16: The circuit example from [9]

Its circuit matrix computed by the function matrixU [mat] as described in of
section 4 is given by

Turning back to Feynman’s sum-over-paths approach, a classical path is defined
by a sequence of classical bit strings a, a1, a2, . . . , am = b produced from action of
the classical gates. Each set of values of the path variables xi gives a sequence of
classical bit strings which is called an admissible classical path. All path variables
and, thus, all admissible classical paths for Fig.16 are explicitly shown in Fig.18. The
corresponding sequence of classical bit strings is a = {a1, a2, a3}, a1 = {x1, x2, a3},
a2 = {x1, x2, a3 ⊕ x1x2}, a3 = {x3, x2, x4}, a4 = {x3 ⊕ x2x4, x2, x4} = b.

Each admissible classical path is provided with a phase which is determined by
the Hadamard gates applied [9]. The phase is changed only when the input and
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Figure 17: Matrix for circuit of Fig.16 computed by linear algebra
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Figure 18: The admissible paths for the circuit of Fig.16

output of the Hadamard gate are simultaneously equal to 1. Thereby, this gives the
formula

ϕ(x) =
∑

Hadamard gates

input • output (1)

with the sum evaluated in F2. As to Toffoli gates, they do not change the phase.
In example of Fig. 16 the phase of the path x reads

ϕ(x) = a1x1 ⊕ a2x2 ⊕ x1x3 ⊕ a3x4 ⊕ x1x2x4 .

According to the Feynman’s sum-over-paths method the matrix element of a
quantum circuit is the sum over all the allowed paths from the classical state a to b

〈b|Uf |a〉 =
1√
2h

∑

x:b(x)b

(−1)ϕ(x) ,

where h is the number of Hadamard gates. Apparently, the terms in the sum have
the same absolute value but may vary in sign.
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Let N0 be the number of positive terms in the sum and N1 be the number of negative
terms:

N0 = | { x | b(x) = b and ϕ(x) = 0 } | , (2)

N1 = | { x | b(x) = b and ϕ(x) = 1 } | . (3)

Hence, N0 and N1 count the number of solutions for the indicated systems of n + 1
polynomials in h variables over F2. Then the matrix element may be written as the
difference

〈b|Uf |a〉 =
1√
2h

(N0 −N1) . (4)

In our Mathematica package there is function polynomials[mat ?MatrixQ] which
constructs and outputs the set of polynomials over F2 which follows from the bit
string of the form b(x) = b that relates the output bits with the path variables.
Here we denoted by b(x) the last bit string am in the admissible path set which
depends polynomially on the path variables x = {x1, . . . , xh}. Since in construct-
ing of the circuit matrix we have to count the number of solutions for polynomial
systems (2) and (3) in F2, and input and output bit variables ai, bi also take values
in F2, function polynomials[mat ?MatrixQ] outputs the polynomials in the form
b(x) + b = 0 and adds the phase polynomial (1) to the system.

For the circuit of Fig.16 function polynomials[mat ?MatrixQ] outputs

x3 Å x2 x4 Å b1

x2 Å b2

x4 Å b3

a1 x1 Å a2 x2 Å x1 x3 Å a3 x4 Å x1 x2 x4

Figure 19: Polynomial system for the circuit of Fig.16

The upper tree polynomial in Fig.19 are those generated by the output bit string
relating the input and output qubit values for admissible paths coded in terms of the
variables {x1, x2, x3, x4}. The bottom polynomial is the phase polynomial defined
by formula (1).

6 Solving circuit polynomial system

To count the number of solutions in F2 for the polynomial systems (2) and (3) in
order to apply formula (4) we rewrite them into the form

F0 = {b(x) + b, φ(x)} , (5)

F1 = {b(x) + b, φ(x) + 1} . (6)

Here F0 denotes the output of the function polynomials[mat ?MatrixQ] in our
Mathematica package. it is convenient to transform the system into the canonical
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Gröbner basis form [14]. The Gröbner basis method invented in [15] is the most
universal algorithmic tool for investigation and solving multivariate polynomial sys-
tems.

To compute N0 and N1 one can convert F0 and F1 into an appropriate triangular
form [16] providing elimination of the path variables x1, ..., xh. One of such triangular
forms is the pure lexicographical Gröbner basis that can be computed by means of
Mathematica which has a built-in module for computing polynomial Gröbner bases.

For the system of polynomials F0 in (5) shown in Fig.19 the lexicographical
Gröbner basis for the ordering on the variables x1 Â x2 Â x3 Â x4 is given by

G0 :





g1 = a1x1 ⊕ b1x1 ⊕ a2b2 ⊕ a3b3 ,
g2 = x2 ⊕ b2 ,
g3 = x3 ⊕ b1 ⊕ b2b3 ,
g3 = x4 ⊕ b3 ,

(7)

The Gröbner basis (7) can easily be obtained with Mathematica. To do this it is
sufficient to define the polynomial set (5) as Mathematica polynomial list by the
command

F0 = 8x3 + x2 * x4 + b1, x2 + b2, x4 + b3,

a1 * x1 + a2 * x2 + x1 * x3 + a3 * x4 + x1 * x2 * x4<

Figure 20: Input Mathematica form for F0 in (5)

and invoke the Mathematica function GroebnerBasis with the arguments specified
as follows

GB0 = GroebnerBasis@F0, 8x1, x2, x3, x4<,

MonomialOrder ® Lexicographic, Modulus ® 2D

Figure 21: Mathematica command for computation of (7)

The last option in Fig.21 says to the function that coefficient field is F2. As a result
Mathematica will output the Gröbner basis (7)

8b3 + x4, b1 + b2 b3 + x3, b2 + x2, a2 b2 + a3 b3 + a1 x1 + b1 x1<

Figure 22: The Mathematica output for the command of Fig.21

Similarly, for the system F1 in (6) the Gröbner basis is

G1 :





g1 = a1x1 ⊕ b1x1 ⊕ a2b2 ⊕ a3b3 ⊕ 1 ,
g2 = x2 ⊕ b2 ,
g3 = x3 ⊕ b1 ⊕ b2b3 ,
g3 = x4 ⊕ b3 .

(8)
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The lexicographical Gröbner bases (7) and (8) immediately yield the following con-
ditions on the parameters:

G0 : a1 ⊕ b1 = a2b2 ⊕ a3b3 = 0 , (9)

G1 : a1 ⊕ b1 = 0 , a2b2 ⊕ a3b3 = 1 . (10)

It is immediately follows that if conditions (9) are satisfied then the polynomial
system G0 (resp. F0) has two common roots in F2 and G1 (resp. F1) has no common
roots, and, vise-versa, if conditions (10) are satisfied then G0 has no roots and G1

has two roots. In all other cases there is one root of G0 and one root of G1.
In that way, the 8 × 8 matrix for the circuit of 16 is easily determined by the

formulae (4) where the numbers N0 and N1 are defined from systems (7) and (8).
As a result, the matrix of Fig.17 is obtained.

A n−qubit circuit with h−Hadamard gates the polynomial systems (5) and (6)
contains n + 1 polynomials in h−variables x = {x1, x2, . . . , xh} and 2n−parameters
a = {a1, a2, . . . , an}, b = {b1, b2, . . . , bn}. These parameters determine the values
of the input and output qubits, respectively. To apply formula (4) for computing
the circuit matrix by the Gröbner bases method one needs to take into account
that both variables and parameters are elements in the finite field F2. By this
reason, generally, to increase efficiency of computation with the use of Mathematica
function GroebnerBasis (Fig.21) one should add to every of the systems (5) and
(6) the binomials of the form

x2
i + x1 (i = 1, . . . , h) . (11)

and also take into account the restrictions

a2
j + aj = 0, b2

j + bj = 0 (j = 1, . . . , n) .

Due to the last restrictions all the intermediate polynomials arising at the Gröbner
basis construction by Buchberger’s algorithm [14, 15] admit substantial simplifica-
tion.

It turns out that if one uses another algorithmic approach to constructiion of
Gröbner bases called involutive (see [17] and references therein), then this makes
possible to avoid handling extra polynomials (11). In doing so, one can work with
variables directly as with elements in F2. The first implementation in C++ of
an involutive algorithm for computation of Gröbner basis over F2 with polynomial
variables from F2 described in [18]. After proper optimization it is planned to
incorporate that C++ code into the open source software GINV [19] which is a C++
module of Python and oriented to computation of Gröbner bases for polynomial
ideals and modules by involutive methods.

It should be noted that solving systems of multivariate polynomial equations
variables over F2 whose variables take values in F2 is also of interest in cryptoanalysis.
One of the attacks of a HFE (Hidden Fields Equations) public key cryptosystem is
based on construction of a Gröbner basis for multivariate polynomial system over
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finite fields [20]. In particular, quadratic n polynomials in n with n ≥ 80, variables
over field F2 was recommended as a public key, and n = 80 was suggested as the first
challenge. In paper [21] his challenge was broken by the Gröbner basis computation
by means of the C program implementing author’s algorithm [22]. This remarkable
computational result gives a hope that construction of the circuit matrices by means
of polynomial systems (5) and (6) may be computationally superior to the linear
algebra based method (sect.4) for circuits with n À h where n and h are, as above,
the numbers of qubits and Hadamard gates.
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